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Appendix A

Answers

1.9709_s20 MS_31 Q: 2

(@) -2 M1
State a correct unsimplified version of the x or ¥* term of the expansion of (2 —3x)2 or [1 —%x)
1 B1
State correct first term )
. 3 27 , Al+Al
Obtain the next two terms —x +-—x
1" 16
4
B1
® State answer |x| < % , or equivalent
1
2.9709 s20 MS_32 Q: 1
Commence division and reach partia M1
Obtain quotient 3x* +2x -1 Al
Obtain remainder 2x Al
4
3. 9709 szo‘mgss
— ¢ ,’
Staﬁ or imply nen-modular inequality (2x — 1)* > 3%(x+2)*, or corresponding quadratic equation, or pair of linear equations Bl
Make reasonable attempt at solving a 3-term quadratic, or solve two linear equations for x M1
Obtain critical values x=-7 and x =—1 Al
State final answer —7 <x <-1 Al
Alternative method for question 1
Obtain critical value x =—1 from a graphical method, or by solving a linear equation or linear inequality B1
Obtain critical value x =—7 similarly B2
State final answer —7 <x <-1 B1
[Do not condone < for < in the final answer.]
4
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4.9709 w20 MS 31 Q: 1

Answer Mark Partial Marks
Make a recognisable sketch graph of y =2|x —3| and the line Bl | Need to see correct V at x = 3, roughly symmetrical,
_ x = 3 stated, domain at least (-2, 5).
y=2-5x
Find x-coordinate of intersection with y =2 — 5x M1 | Find point of intersection with y = 2|x — 3| or solve 2 — 5x with
2(x—3)or 2(x—3)
Al
Obtain x = ‘%

Al | Do not accept x <-1.33

1
State final answer x < 3 [Do not condone < for < in the final answer.]

Alternative method for question 1

State or imply non-modular inequality/equality B1 | Two correct linear equations only
(2 - 5% >, >, =, 2%(x— 3. or corresponding quadratic equation,
or pair of linear equations

(2-50)>2,=+2(x-3)

Make reasonable attempt at solving a 3-term quadratic, or solve M1 | 2122 +4x—32=(3x + 4)(7x
one linear equation, or linear inequality for x 2-5x or (2 - 5x) wi —2(x-3)
. " 4 Al
Obtain critical value x = -3
4 Al | Donot t
State final answer x <_§ [Do not or < in the final answer.]

Q"’Q
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5.9709 w20 MS_31 Q: 9

Answer Mark Partial Marks

A B C B1
@ State or imply the form ——+ —

—-x 243x (24.3;[)2

Use a correct method for finding a coefficient M1
Obtainoneof A=1,B=-1,C=6 Al
Obtain a second value Al
Obtain the third val Al A Dx+E
e vawe In the form —+x72,whereA:1,D:73
I-x (2+3x)
and E =4 can score B1 M1 Al Al Al as above.
5
(b) Use a correct method to find the first two terms of the expansion M1 | Symbolic coefficients are not sufficient for the M1
—1 -2 2
R _ 3 _ 3 ~1)(- ~1)(=2)(=
of (1-x)7, (2+3x)1,(1+5xJ L (2+3x)7 or (1+ExJ A[H'( DE=x)+(=1)(=2)(=x) A=
B
2
<
4

Obtain correct un-simplified expansions up to the term in AlF
of each partial fraction

6 (18 81
N -{2_(?}(4{3}52) [The FT is on 4, B, C]

AlFT 1 6 3 18 9 81,
1——+— [+ 1+=—— |x+| -+ — |x
2 4 4 4 8 8

Al | Allow unsimplified fractions
3x 3x

e 22

. 11
Obtain final answer 2—7x+10f,o1- e s
J D=3 E=4
4 { 2

The FTison A, D, E.

5
2 4
Y]
6. 9709 w20 MS'32 Q
Answer Mark Partial Marks
(@) State a correct unsimplified version of the x or x* or x* term M1 | For the given expression

State correct first two terms 1 + 2x Al

40 Al +Al 1
Obiain the next two Uyt +?x3 One mark for each correct term. ISW Accept 13

The question asks for simplified coefficients, so candidates
should cancel fractions.

(b) B1 | OE. Strict inequality

State answer |x| < %

?‘]'PapaCambridge
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7.9709_m19 MS_32 Q:8

Answer Mark Partial Marks
i B1
@ State or imply the form A4+ B + €
2+x 3-2x
Use a correct method for finding a constant M1
Obtainone of A =2, B=—4and C=6 Al
Obtain a second value Al
Obtain the third value Al
5
@D Use correct method to find the first two terms of the expansion of (2 + x)_l or (3- Zx)_l ,or M1
equivalent
Obtain correct unsimplified expansions up to the term in x* of each partial fraction ALft +A1ft | The ftis on Band C
Add the value of A4 to the sum of the expansions M1
. 707, Al
Obtain final answer 2 +—x+-—x
3 18
8.9709 s19 MS 31 Q:8
Answer Mark Partial Marks
i C
@ State or imply the form 4 + B +
2+x 3-x (3—x)2
Use a correct method to obtain a constant 1
Obtainone of 4 =2, B=2,C=-7 Al
Obtain a second value Al
Obtain the third val Al A Dx+E
1 fhe vatue [Mark the form + =2 — . Wwhere4=2,D=-2and
2+x (3 —x
E=-1,BIMIAlAlAlL]
5
(ii) M1
Al | FTonA,Band C
Al x,ox% 2( . x,x) _7(y.2x 327
Al12+431+3+9 91+3+
Al
For the 4, D, E form of fractions give M1A1ftA1ft for the
expanded partial fractions, then, if D # 0, M1 for multiplying out
fully. and A1 for the final answer.
5
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9.9709_s19 MS_32 Q: 1

535

Answer Mark Partial Marks
State unsimplified term in ¥, or its coefficient in the expansion of B1 | Symbolic binomial coefficients are not sufficient for the B
marks
' 1,-2 ,
(1+3x) | 23(3x)
2
State unsimplified term in x*, or its coefficient in the expansion of Bl
1,-2,-5
1| Ax=Ex22
(13x) | 333 (3x)
6
Multiply by (3 — xJ to give 2 terms in x°, or their coefficients M1 (3)(% 4 1) Tgnore errors in terms other than x*
3xx’coeff — x’coeff and no other term in x*
Obtain answer 6 Al | Not 6x°
4

10. 9709 _s19_MS 33 Q: 9

®

(i)

Answer Mar| Partial Marks
C
State or imply the form 4 + B + 5
3+x  1-x (17 x)
Use a correct method for finding a constant M1
Obtain one of A =-3,B=-1,C=2 Al
Obtain a second value Al
Obtain the third value Al Dx+E
Mark the form 4 +——— ,where 4 =3,
3+x (17 x)
D=1and E=1,BIM1A1A1Al as above.
5
P
-
Use a correct method to find the first two tem @ expansion of (3+ x)_1 s M1
(1+%x  (1x) or (1)
Obtain correct unsimp! the term in x* of each partial fraction Al | FTon A
Al | FTonB
Al | FTonC
Al | For the 4, D, E form of fractions give
MI1ALftAlft for the expanded partial fractions,
then, if D # 0, M1 for multiplying out fully, and
Al for the final answer.
5
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11. 9709 w19 _MS_31 Q: 2

APPENDIX A. ANSWERS

Answer Mark Partial Marks
State or imply non-modular inequality Bl | 1242 +44x+7 <0
(2x- 3)2 >4 (x+ 1)2 , or corresponding quadratic equation, or pair of linear equations
(2x-3)=4(x+1)
Make reasonable attempt at solving a 3-term quadratic, or solve two linear equations M1 | Correct method seen, or implied by correct
for x answers
L 7 1 Al
Obtain critical values x = -3 andx= ——
7 1 Al
State final answer ——<x < 5
Alternative method for question 2
. 7 . . . . B1
Obtain critical value x = -3 from a graphical method, or by inspection, or by solving a
linear equation or an inequality
B2
Obtain critical value x= 7% similarly
7 1
State final answer 2 <x< r

12. 9709 _w19_MS 32 Q: 3

Answer k Partial Marks
Commence division and reach partial quotient x +hx 1
Obtain cotrect quotient x” +2x—1 Al
Set their linear remainder equal to 2x + 3 and solve for or, M1 | Remainder = (a +3)x+(b—1)
Obtain answer a =— 1 Al
Obtain answer b =4 Al
Alternative method for question
+B)+2x+3 and form Ml | eg 3=1+A4 and 0=-1+A4+B
Al
Ml |eg a=B-A4+2, b=—B+3
=4 Al
Al
5
Alternative method for question 3
) ) “1+45 M1 | Allow for correct use of either root in exact or decimal form.
Use remainder theorem with x = 3
a as 9 5 Al | Expand brackets and obtain exact equation for either root.
Obtain 3 + -5 ' b= PICE Accept exact equivalent.
Solve simultaneous equations for @ or b M1
Obtain answer a =— 1 from exact working Al
Obtain answer b = 4 from exact working Al
5
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13.9709 w19 MS 33 Q: 1
Answer Mark Partial Marks
State or imply non-modular inequality (x+ 2)2 >(3xfl)2 , or corresponding Bl
quadratic equation, or pair of linear equations 2(x +2) == (3x— 1)
Make reasonable attempt at solving a 3-term quadratic, or solve two linear equations M1
forx
Obtain critical values x= —% andx =35 Al
State final answer 7%<x<5 Al
Alternative method for question 1
Obtain critical value x = 5 from a graphical method, or by inspection, or by solving B1
a linear equation or an inequality
Obtain critical value x = 7% similarly B2
State final answer 7%<x<5 Bl @
4
14. 9709 w19 MS 33 Q: 2
Answer ark Partial Marks
. 1 . . B1
Substitute x = -3 equate result to zero and obtain a correct equatiol
IR P Y )
8 4 2
Substitute x = — 2 and equate result to — 24 *M1
Obtain a correct equation, e.g. —48+4a—2b—-2= Al
Solve for a or for b DM1
Obtaina=5and b=-3 Al
5
15. 9709 m18 MS 32
Answer Mark
ol ; 2 0 33 M1
orrect unsimplified version of the x or x” or x° term
State correct first two terms 1 —x Al
. 3 7 Al + Al
Obtain the next two terms ——x* ——x°
2 2
4
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16. 9709 _s18 MS 31 Q: 4

Answer Mark
EITHER: Commence division by x* —x+1 and reach a partial quotient M1
of the form x? + kx
Obtain quotient x* +3x +2 Al
Either Set remainder identically equal to zero and solve for a or for b, or M1

multiply given divisor and found quotient and obtain a or b

Obtaina =1 Al

Obtain =2 Al
OR: Assume an unknown factor x* + Bx + C and obtain an equation M1

in B and/or C

Obtain B =3 and 4 =2 Al

FEither Use equations to obtain a or b or multiply give r and M1

found factor to obtain a or b

Obtain a = 1 9 Al
Obtain b=2 Al

?‘]'PapaCambridge
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17.9709 s18 MS 31 Q: 9
Answer Mark
i B1
@ State or imply the form 4+ B + ¢
x—1 3x+2
State or obtain 4 =4 B1
Use a correct method to obtain a constant M1
Obtainone of B=3,C=-1 Al
Obtain the other value Al
5
(i1) Use correct method to find the first two terms of the expansion of (x 1)~ (0
M1
(3x+2)7", or equivalent

Obtain correct unsimplified expansions up to the term in x* of ea ial fraction Alfe+ Alft
Add the value of 4 to the sum of the expansions ( M1
1 9 33 Al

Obtain final answer ———x ——x’

2 4 8

5

18. 9709 _s18_MS 32 Q: 9

% Mark Partial Marks

Answer
(i) Use a correct method to find a constant M1
Obtain one of the values 4 = — Al
Obtain a second valu Al
Obtain the third v: Al
4
(11) first two terms of the expansion M1 | Symbolic binomial coefficients are not sufficient for the M1.

L 4

1
-1
xz) or (1+lx1J
2

Obtain correct unsimplified expansions up to the term in x° of AIFt+ATFt | The ftison 4, Band C.

each partial fraction _ SR o x+2(1_ 2
1{1+3+9+27... + > 1 5
2 3
qox X X P x X
3 9 27 2 2 4

Multiply out their expansion, up to the terms in x*, by M1
Bx+ C, where BC#0

. 1 11 31 . Al
Obtain final answer —x——x° ———x°, or equivalent

6 18 108
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19. 9709 s18_MS 33 Q: 1

Answer Mark
Obtain a correct unsimplified version of the x or x* term of the expansion of M1
1
1 3 32
(4-3x)zor|l1-=x
4
State correct first term 2 B1
. 3 27 Al + Al
Obtain the next two terms —x +—x~
47 64
Total: 4
20. 9709_w18_MS_31 Q: 1 0
Answer Mar artial Marks
EITHER: State or imply non-modular inequality ‘
2*(2x—aY <(x+3a) . or comresponding quadratic equation, or pair of
linear equations
22x—a)=+(x+3a)
Make reasonable attempt at solving a 3-term quadratic, or solve twodli M1
equations for x
L 5 1 Al
Obtain critical values x = ga and x= 7§a
State final answer 7%(1 <x <Ea @ Al
. . Bl
OR: method, or by inspection, or
B2
Bl
in the final answer.]
4
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21.9709_wi8 MS 32 Q: 1

541

Answer  Mark | Partial Marks
State or imply non-modular inequality B1
3 (2x- 1)2 >(x+ 4)2 , or corresponding quadratic equation, or pair ,
of linear equations/inequalities 3(2x—1)=%(x+4) 35x —4dx=7=0
Make reasonable attempt at solving a 3-term M1 | Allow for reasonable attempt at factorising
quadratic, or solve two linear equations for x e.g. (5x—7(7x+1)
Al | Accept 1.4 and -0.143 or better for penultimate A mark
Obtain critical values x = % and x = —% P b
Al | cand’ i z _Llj
State final answer x>z x (_l and’ is A0, I <x<-1 is AO. Must be exact values.
5 7 Must be strict inequalities in final answer
Alternative
B1 | or by inspection, or by solving a linear equation or an inequali
Obtain critical value x = g from a graphical method ot Y e T quality
B2
Obtain critical value x — —% similarly
B1
State final answer x >% or x< —% or equivalent
4

22. 9709 _wl8 MS_32 Q:8

@

Answer Partial Marks
. C B
State or imply the form 4 + B +
1-2x  2-x (271-)2
Use a correct method for finding a constant M1 7=A+28
M1 is available following a single slip in working from th 15— AA—5B—2C
but no A marks (even if a constant is “correct™)
8=44+2B+C

Obtainone of A=1,8=3,C=-2 Al
Obtain a second value Al
Obtain the third value Al
[Mark the form where 4=1,D=-3 and
E=4 BIM1A1l

5
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Answer Mark Partial Marks

(ii) Use a correct method to find the first two terms of the expansion of M1 | Symbolic coefficients are not sufficient for the M1

(1-2x)", (2-x)7", [k%xr, (2-x)" or (k%xr

Obtain correct unsimplified expansions up to the term in x” of each Alft 1+2x +4x°
partial fraction Theftisond, B. C. 1+2x+2y
-
Obtain final answer 2 + 2y + 4x' Al
4
[For the 4, D, E form of fractions give M1A2ft for the expanded [The ftison 4, D, E.]
partial fractions, then, if D # 0, M1 for multiplying out fully, and
Al for the final answer.]
5
23. 9709 _ml17 MS 32 Q:2
Answer Mark
EITHER:
State or imply non-modular inequality (x — 4)* < (2(3x + 1))?, or @erresponding (B1
quadratic equation, or pair of linear equations x — @ )
Make reasonable solution attempt at a 3-term qu ic, or solve two linear Mi1

equations for x

Obtain critical values x=—¢ and x : %0 Al

State final answer x <%, x>2 Al)

s

Obtain critical valu om a graphical method, or by inspection, or by (B1
equality
¢ x =2 similarly B2
* x<-%,x>2 B1)
*
* 9
*® Total: 4
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24.9709_m17_MS_32 Q: 9

Answer Mark

i B1
@ State or imply the form A +M
24+x  4+x?

Use a relevant method to determine a constant M1
Obtain one of the values 4 =-2,B=1,C=4 Al
Obtain a second value Al
Obtain the third value Al
Total: 5

Answer Mark
(1) Use correct method to obtain the first two terms of the expansion o M1

Q2+, A+ixhH) " or (4+x%)7

Obtain correct unsimplified expansions up to the term in ach partial fraction Al + A1

Multiply out up to the term in x* by Bx+C, wh M1
Obtain final answer 2 x —1x Al
[Symbolic binomial coefficients, e. not sufficient for the first M1. The
ft.ison 4, B, C]
6-X)2+x)" 4+ x*)7", give MIA1AL for
out fully, and A1 for the final answer.]
Total: 5

?"t.’PapaCambridge
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25.9709_s17_MS_31 Q: 1

Answer Mark

EITHER:
State or imply non-modular inequality (2x+1)" < (3(x—2)) , or corresponding (B1
quadratic equation, or pair of linear equations (2x +1) = +3(x—2)

Make reasonable solution attempt at a 3-term quadratic e.g. 5x° — 40x +35=10 or M1
solve two linear equations for x

Obtain critical valuesx=1andx =7 Al

State final answerx < 1 and x> 7 Al)

OR:

Obtain critical value x = 7 from a graphical method, or by inspection, or, lving (B1

a linear equation or inequality

Obtain critical value x = 1 similarly B2
L/

State final answerx <1 and x> 7 B1)
Total: 4

26. 9709 _s17_MS_31 Q: 2

Answer Mark

EITHER:
State a correct unsimplifi @ of the x or x* or x’ term in the expansion of M1
s1-2x Al
Al
12 4 X (37—}53 ) in final answer Al

| o :‘
.

Differentiate expression and evaluate (0)and1’(0), where f'(x)=k(1+ 6x)7% (M1
Obtain correct first two terms 1-2x Al
Obtain term 8x” Al
Obtain term-112 x* in final answer Al)
Total: 4

T"i'.’PapaCambridge
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27.9709 _s17_MS 32 Q:2
Answer Mark
EITHER: (B1
State or imply non-modular inequality (x — 3)2 <(3x —4)2 , or corresponding equation
Make reasonable attempt at solving a three term quadratic M1
Obtain critical value x = % Al
State final answer x > % only Al
OR1: (B1
State the relevant critical inequality 3 —x <3x—4, or corresponding equation
Solve for x M1
Obtain critical value x = % Al
State final answer x > % only o Al
OR2: (B1
Make recognizable sketches of y = |x - 3| and y =3x— le diagram
Find x-coordinate of the intersection M1
Obtainx = Al
4

State final answer x > % only Al

Total: 4

?‘]'PapaCambridge
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28. 9709 _s17_MS 32 Q: 8

Answer Mark

@ State or imply the form 3;_1‘_ 5 % Bl
Use a relevant method to determine a constant M1

Obtain one of the values 4 =2, B=1,C=-3 Al

Obtain a second value Al

Obtain the third value Al

Total: 5

(i) 3 -1 M1

Use correct method to find the first two terms of the expansion of (3x+ 2)

Grx2) Lor a+da?y!
. . -1 .
[Symbolic coefficients, e.g. 5 are not sufficient]

Obtain correct unsimplified expansions up to the term i x! artial fraction. ALFE,;
The FT is on 4, B, C. from part (i)
Multiply out up to the term in x2 by Bx +C, wh Mi
i 2_ 13,237 Al
Obtain final answer S0 T 100 T e
Total: 5

Q"’Q%
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29.9709 s17_MS_33 Q: 2
Answer Mark
EITHER: o1
State a correct unsimplified version of the x or x* term in the expansion of
(1 + %x)f3 or (3+ 23:)73
[Symbolic binomial coefficients, e.g. [ZJ , are not sufficient for M1.]
State correct first term 5~ Bl
Obtain term —2& x Al
Obtain term & x* 0 Al)
OR: 1
Differentiate expression and evaluate f(0)and f'(0) , wh —k(3+2x)"
State correct first term - Bl
Obtain term — 2= x Al
Obtain term £ x* @ Al
o Total: 4
30. 9709 w17 MS 31 Q: 1
Answer Mark
and reach a partial quotient x* + kx M1
PR x*—2x+3 Al
b inder —12x+5 Al
3
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31.9709_wl7_MS 32 Q:8

Answer Mark

i B1
@ State or imply the form 4 + B + ¢
l-x 2x+3 (2x+3)*

Use a relevant method to determine a constant M1
Obtain one of the values 4 =1,B=-2,C=5 Al
Obtain a second value Al
Obtain the third value Al
5
[Mark the form A +M ,where A=1,D=-4,FE=-1, BIMIATA1AI as
1-x (2x+3)*
above.]
(i) Use a correct method to find the first two terms of the expansion of (1—x) ", M1

(+2x)", Qx+3)7, (423 Por Qx+3)7

Obtain correct unsimplified expansions up testhe tesm in x” of each partial fraction AJFT
Obtain final answer £+ 2 x+Lx* or@quivalent Al
5

32.9709_ml6_MS 32 Q: 4

Answer Mark
(i) Substitute x =—+an te to zero, or divide by (2x + 1) and equate constant remainder
to zero M1
Obtaina =13 Al [2]
D 4
(i) @ gégnm ivision by (2x + 1) reaching a partial quotient of 2x” + kx M1
Obtain f; ation (2x +1)(2x* —x+2) Al 2]

[The M1 is earned if inspection reaches an unknown factor 2x” + Bx + C and an

equation in B and/or C, or an unknown factor Ax” + Bx + 2 and an equation in
A and/or B.]

(b) State or imply critical value x=—1 B1

Show that 2x* — x + 2 is always positive, or that the gradient of 4x* + 3x + 2 is always

positive
Justify final answer x>—1

B1*
Bl(dep™) [3]

T"f"PapaCambridge
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33.9709 s16 MS_31 Q: 1

Answer Mark

(i) EITHER: State or imply non-modular equation (2(x —1))* =(3x), or pair of linear equations
2(x—1)=43x B1
Make reasonable solution attempt at a 3-term quadratic, or solve two linear equations M1
Obtain answers x=-2andx =% Al
OR: Obtain answer x = —2 by inspection or by solving a linear equation (B1
Obtain answer x = 2 similarly B2)
(3]
(ii)  Use correct method for solving an equation of the form 5* =a or 5" =4, where a> 0 M1
Obtain answer x = 0.569 only Al
(2]

<

34.9709_s16_MS_31 Q: 8

(@)

(i)

@
Answer é Mark
State or imply the form 4 + 2 + g 5 B1
x+1 x-3 (x-3)
Use a correct method to determine a constant M1
Obtain one of the values 4 =1, B=3,C=12 Al

Obtain a second value Al

Obisin g fiind yallue @ Al
‘ ’ [5]

[Mark the form i +Dx—+]:; , wher D=3, E=3, BIMIAIAIAI as above.]
x+1 (x-3)

&wo terms of the expansion

-1

3

Use correct method to
of (x+1)",(x-3

M1

ed expansions up to the term
inx? ot& ion Al + A1 + AL
Obtain final Bl B %xz , or equivalent Al
(5]
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35.9709_s16_MS_32 Q: 2

APPENDIX A. ANSWERS

Answer Mark
State a correct un-simplified version of the x or x* or x’ term M1
State correct first two terms 1 +x Al
Obtain the next two terms 2x* + $x° Al A1 [4]
L
[Symbolic binomial coefficients, e.g. [ 32] are not sufficient for the M mark.]
36. 9709 s16_MS_33 Q: 1
Answer Mark

EITHER: State or imply non-modular inequality (2(x — 2))* > (3x+1)*, or corresponding,quadratic

equation, or pair of linear equations 2(x—2)=+(3x+1) B1
Make reasonable solution attempt at a 3-term quadratic, or solve two linear equations for x M1
Obtain critical values x=-5 and x=1% Al
State final answer —5<x <3 Al
OR: Obtain critical value x = -5 from a graphical method, or by, inspeetion, or by solving a linear
equation or inequality (B1
Obtain critical value x = similarly B2
State final answer —5< x <3 B1)
[Do not condone < for <] (4]
37.9709_s16_MS_33 Q: 10 @
Answer Mark
. C
i) State or imply the for +— B1
(@ ply AR
Use a correct method to rmine a constant M1
Obtain one of the values 4=-3,8=1,C=2 Al
Obt%i as Al
Obtai%he t] Al
R 2
[Marke the for +—1) where A =-3, D=1, E=1,BIM1A1A1Al as above.] [5]
(i) Use a correct method to find the first two terms of the expansion of (x+3)™", (1 + %Jc)*1 3
x=D", 1-x)", (x=D72,0or (1-x)2 M1

Obtain correct unsimplified expressions up to the term in x* of each partial fraction A1V + A1V + A1V

Obtain final answer 22 x + 2 x? or equivalent
3 9 ? q

Al

rcn
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38.9709 wl6_MS 31 Q:2
Answer Mark
State correct unsimplified first two terms of the expansion of (1+ 2x)7% ,eg 1+ (=D (2x) B1
State correct unsimplified term inx*, e.g. (—2)(—32 - 1)(2x)* /2! B1
Obtain sufficient terms of the product of (2 — x) and the expansion up to the term in x* M1
Obtain final answer 2 — 7x +18x* Do not ISW Al [4]
39. 9709 _wl6_MS 33 Q:4
Answer Mark
@) Commence division by »* —x+2 and reach a partial quotient 4x* + kx M1
Obtain quotient 4x" +4x+a—4 or 4x” +4x+5/2 Al
Equate x or constant term to zero and solve for a or & 1
Obtain a = 1 1
Obtainb=-06 Al [5]
(ii) Show that x* —x +2 =0 has no real roots PY B1
Obtain roots Jand —2 from 4x* +4x-3=0 B1 2]
40. 9709 _wl6_MS 33 Q:8 E
Ans Mark
. A4 B
(i) State or imply the form ——+ ch+ B1
x+2 x
Use a correct method to determin, t M1
Obtain one of A =2,B=1,C= Al
Obtain a second value Al
Obtain a third value Al [5]
(i) Use correct mef e first two terms of the expansion of (x +2)7",
A+ix"! or (1+1x*)™! M1
plified expansions up to the term in x” of each partial
AlS + A1
0‘ by Bx + C, where BC # 0 M1
24 : er 3 ix+ %xz , or equivalent Al [5]
-1
¢ binomial coefficients, e.g. [ ) Jare not sufficient for the M1. The f.t.
isond, B, C)]
[In the case of an attempt to expand (3x% +x+ 6)(x +2) ' (x* +4)™", give
MIAI1A1 for the expansions, M1 for multiplying out fully, and A1 for the final
answer. |
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41.9709 s15 MS_31 Q: 3

Answer Mark

Either ~ Obtain correct (unsimplified) version of x* or x* termin (1—-2x%)7 M1
Obtain 1+ 4x” Al
Obtain ... +12x* Al
Obtain correct (unsimplified) version of x> or x* term in (1+ 6x2)§ M1
Obtain 1+ 4x* — 4x* Al
Combine expansions to obtain £ =16 with no error seen Al

Or Obtain correct (unsimplified) version of x* or x* termin (1+ 6x? )§ Ml
Obtain 1+4x” Al
Obtain ... —4x* Al
Obtain correct (unsimplified) version of x> or x* term in (1—2x%)7* M1
Obtain 1+4x* +12x* 0 Al
Combine expansions to obtain £ =16 with no error seen Al [6]

 /

42. 9709 s15 MS 32 Q:8 0 I

Answer Mark
(i) State or imply the form + % Bl
-2x x"+4
Use a relevant method to determine a cofistant Ml
Obtain one of the values A =3, B=—1, — Al
Obtain a second value Al
Obtain the third value Al [5]

(i) Use correct meth

. E 2
@st two terms of the expansion of (3—2x)~", (1- = x)™',
3

M1

OM@ co fied expansions up to the term in x” of each partial fraction ~ A1¥+A1Y
Multmy out term in x* by Bx +C, where BC # 0 M1
*
: 1 41 :
Obtain final@nswer — + Rl X+ — x*, or equivalent Al |5]
2 12 72

-1
[Symbolic coefficients, e.g. { . ] are not sufficient for the first M1.The f.t. ison 4, B, C.]

[In the case of an attempt to expand (5x° + x+ 6)(3—-2x)"' (x> +4)™", give
MI1ATlAlfor the expansions, M1 for multiplying out fully, and A1 for the final answer.]
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43.9709_s15_MS_33 Q: 2

Answer Mark
EITHER: State or imply non-modular inequality (x —2)* > (2x — 3)*, or corresponding equation Bl
Solve a 3-term quadratic, as in Q1. Ml
5
Obtain critical value x = — Al
3
5
State final answer x < — only Al
3
OR1: State the relevant critical linear inequality (2 —x) > (2x—3), or corresponding
equation Bl
Solve inequality or equation for x Ml
5
Obtain critical value x = — Al
3
5
State final answer x < = only 0 Al
3
OR2: Make recognisable sketches of y = 2x — 3 and y =|x— 2| on a single d * B1
Find x-coordinate of the intersection Ml

: 5
Obtain x = —
3

(\ Al

5

State final answer x < — only 0 Al 4
3

44,9709 w15 _MS 31 Q: 1

Answer Mark
EITHER: State or imply non-modular i (2x—5)* > (3(2x +1))?, or corresponding
quadratic
equation, or pair of linear equati =43(2x +1) B1
Make reasonable solutio -term quadratic, or solve two linear equations for x M1
Obtain critical values Al
State final answer Al
OR: Obtaﬁ&ritic 2 from a graphical method, or by inspection, or by solving a
linear
equation orinequali B1
Obtain critical value x= % similarly B2
State final answer —2<x <+ Bl [4]

[Do not condone < for <]
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45.9709_ w15 MS 31 Q: 6

Answer Mark

(i) Substitute x=-1, equate to zero and simplify at least as faras —8+a—-H—-1=0 B1

Substitute x = —% and equate the result to 1 M1

Obtain a correct equation in any form, e.g. —1+ %a - %b -1=1 Al

Solve for a or for b M1
Obtaina=6 and b=-3 Al [5]

(i) Commence division by (x + 1) reaching a partial quotient 8x? + kx M1

Obtain quadratic factor 8x* —2x—1 Al
Obtain factorisation (x +1)(4x +1)(2x—1) Al [3]

The M1 is earned if inspection reaches an unknown factor 8x> + Bx+C and an equation
P q

in B and/or C, or an unknown factor Ax” + Bx—1 and an equation in 4 and/or B.]
[If linear factors are found by the factor theorem, give B1B1 for (2x —1) and (4x
B1 for the complete factorisation.]

46. 9709 w15 _MS_33 Q: 2

Answer 0 Mark
Either  State correct unsimplified x* or x° term M1
Obtain a=-9 Al
Obtain h=45 Al
> .
Or Use chain rule to differentiate twice n form k(1 +9x) 3 M1
5
Obtain f"(x)=-18(1+9x) 3 ce a=—9 Al
Obtain f"(x)=270(1 +® hence H=45 Al [3]

47. 9709 s20 %S
&
— &4

of a product or power M1

inear inequality in any form, e.g. In2+(1-2x)In3<xIn5 Al

Solve for x M1

Al
Obtain x> 25
1045
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48.9709 520 MS_32 Q: 2
State or imply 2 Iny=1InA + kx Bl
Substitute values of In y and x, or equate gradient of line to k, and solve for k Ml
Obtain k=0.80 Al
Solve for In4 M1
Obtain 4 =3.31 Al
Alternative method for question 2
Obtain two correct equations in y and x by substituting ¥- and x- values in the given equation B1
Solve for k& M1
Obtain £=0.80 Al
Solve for 4 M1
Obtain A =3.31 Al
5
49.9709 s20 MS 33 Q: 3 .
(a) Remove logarithms correctly and state 1+ ™=e >, or equivalent Bl
Show equation is u? + u — 1 = 0, where u = e*, or equivalent B1
2
(b) Solve a 3-term quadratic for » M1
1 Al
Obtain root 5(-1+J§ ). or decimal in [0.61, 0.62]
Use correct method for finding x from a positive root M1
Obtain answer x =—0.481 only Al
4
50. 9709 w20 MS 31 Q: 4
Mark Partial Marks
State or imply I Bl | log,py 10= — 1
ower, product or quotient Mi
any form, free of logs Al |eg (2x+ D/x+1)2=10"

or 10Q2x+1)/(x+1*=10%0r 1
or X’ +2x+1=20x+10

Reduce to x° —18x—9= 0. or equivalent Al

Solve a 3-term quadratic Mi

Obtain final answers x = 18.487 and x = —0.487 A1l | Must be 3 d.p. Do not allow rejection.
6
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51.9709 w20 MS 32 Q: 1

APPENDIX A. ANSWERS

Answer Mark Partial Marks
State that 1+e=* = ¢? B1 | With no errors seen to that point
Use correct method to solve an equation of the form ¢ = @ , where M1 (e’:”‘ = 6.389...) Evidence of method must be seen.
a > 0, for x or equivalent
Obtain answer x = — 0.618 only Al | Must be 3 decimal places
Alternative method for question 1
State that 1+¢~* =¢’ B1
Rearrange to obtain an expression for e* and solve an equation of the M1 o
form ¥ = a . where a > 0, or equivalent e -1
Obtain answer x =— 0.618 only Al | Must be 3 decimal places

3
52.9709 w20 MS_32 Q:3
Answer Mark | Marks
(a) State or imply vlog2=1log3—2xlog3 B1 | Acc —2x)In3

State that the graph of y against x has an equation which is linear in x

t equation. Need a clear statement/comparison with

(b) Substitute ¥ = 3x in an equation involving logarithms ax

Obtain answer x = E
In72

and y, or is of the form ay = bx + ¢ linear form.
t b t.
Clear indication that the gradient is — % © exac Zlog, s |
Any equivalent e.g. — L4 , log, —

Allow M1A1 for the correct answer following decimals

53.9709_ml9 MS 32 Q:

Answer

Mark Partial Marks

®

product or quotient

M1

PN

M1

Al

(ii) Solve a 3-term quadratic equation

M1

Obtain answer 12.2 only

Al

gPapaCambridge



* jPPapaCambridge .

54. 9709 _s19 MS 31 Q: 2

Answer Mark Partial Marks
Use law for the 1 ithm of duct, quotient M1
se law for the logarithm of a product, quotient or power Condone In—— for M1
x-1
Obtain a correct equation fiee of logarithms Al |eg (2x-3)(x-1)=x" or ¥’ —5x+3=0
Solve a 3-term quadratic obtaining at least one root M1 | Must see working if using an incorrect quadratic
5413
2
Obtain answer x = 4.30 only Al | Q asks for 2 dp. Do not ISW. Overspecified answers score AQ
Overspecified and no working can score M1A0
4
55.9709_s19 MS_32 Q: 2
Answer Mark st al Marks
State or imply #° —1—12(=0), or equivalent in 3* Bl | Need to be sow 3% = (3" )2
Solve for u, or for 3", and obtain root 4 Bl
Use a correct method to solve an equation of the form 3* = a M1 | Ne evidence of method. Do not penalise an attempt
i the ative root as well.

where a >0
=lna, x=log,a

, accept solution of straight forward cases such as 3* =
= 1 without working

Obtain final answer x = 1.26 only The Q asks for 2 dp

56. 9709 _s19 MS 33 Q: 1

Answer Mark Partial Marks
Use law of the logarithm of a product or qu M1
Use law of the logarithm of po; M1
Obtain a correct line Al
(3 72x) In5=In4+
Obtain answer x Al
0? 4
Y]
A
57.9709 w19 MS 31
Answer Mark Partial Marks
State 1+¢&” =¢* B1
Make y the subject M1 | Rearrange to e* =... and use logs
Obtain answer y = %ln(eI 71) Al OB
3
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58. 9709 w19 MS 32 Q: 1

APPENDIX A. ANSWERS

Answer Mark Partial Marks
Remove logarithms and state 4—3* =¢'?, or equivalent Bl | Accept 43" = 3.32(01 169..... ) 3 5.1 or better
Use correct method to solve an equation of the form 3* =a, where M1 (3‘ = 0.67988_.)
a>0.

Complete method to x =...
If using logs the subscript can be implied

Obtain answer x =— 0.351 only Al

CAO must be to 3 d.p.

59. 9709 w19 MS 33 Q: 3

Answer

Mark Partial Marks

Reduce the equation to a horizontal equation in 3**, 3! or 27

M1

Simplify and reach 3(3**) =5, 3(2’7’ ) =5, or equivalent

@

Use correct method for finding x from a positive value of 3**, 3% or 27

Obtain answer x = 0.155

60. 9709 m18 MS 32 Q: 4

e

Mark

(1) StateorimplynIny=In4 +3 Inx B1
State that the graph of In y n x has an equation which is /inear in In y and In B1

x, or has equation of the In 4 + 3X, where Y=Iny and X=Inx, and is

thus a straight line.

2
(i1) i -values in» Iny=1In 4 + 3 In x or in the given equation and solve M1
X 3 constant, e.g. n = 1.70 Al
“ {’ econd constant M1
Obtain the other constant, e.g. 4 =2.90 Al
4
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61. 9709 _s18 MS 31 Q:1
Answer Mark
Use law for the logarithm of a product, quotient or power M1
Obtain a correct equation free of logarithms, e.g. 4(x* —4) =x* Al
Solve for x M1
Obtain answer x = 1.52 only Al
4
62. 9709 _s18 MS 32 Q:1
Answer Mark P ks
EITHER: State or imply non-modular equation M1 8(2’ )2 _ 18(2,r =
3 (2‘ —1)2 = (2" )2 , or pair of equations
3(2" 71) =427 L J
. 3 3 ) Al
Obtain 2* = = and 2" = = or equivalent
2 4
OR: Obtain 2° = % by solving an equation
Obtain 2* = % by solving an equation
Use correct method for solving an equation of the form M1
2*=a,wherea>0
Obtain final answers x = 0.585 and x =—0.415 o Al | The question requires 3 s.f.
Do not ISW if they go on to reject one value
4
63. 9709 _s18 MS 33 Q: 2
Answer Mark
L 2
$o tate =u+35, or equivalent in 5" B1
K
Solv u, or 5° M1
. 1 . . Al
Obtain root 5 (1++/21), or decimal in [2.79, 2.80]
Use correct method for finding x from a positive root M1
Obtain answer x = 0.638 and no other answer Al
Total: 5
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64. 9709 w18 MS 31 Q: 2

Answer Mark Partial Marks
Rearrange the equation in the form ae® =b or ae” =be™ M1
Obtain correct equation in either form witha=2 andb=35 Al
Use correct method to solve for x M1
Obtain answer x = 0.46 Al

4
65. 9709 w18 MS_ 32 Q: 4
Answer Mark Partial Marks

Sub_sﬁtute and obtain 3-term quadratic 3u° +4u—1=0 or B1 e S(ex)z Lae¥ —1=0
equivalent
Solve a 3 term quadratic for « M1 | Must be an equation wi
Obtain root (ﬁ —2)/3, or decimal in [0.21, 0.22] Al | Orequivalentde oot (even if incorrect)
Use correct method for finding x from a positive value of e* M1 Must‘ Some on of method: use of x=nu
Obtain answer x =— 1.536 only Al | CA

66. 9709 ml7 MS 32 Q: 1

@@ Mark

Remove logarithm and obtai B1

Use correct method to se! @ tion of the form2* =a, where a > 0 M1

Obtain answer " Al

Total: 3
67. 9709 _s17¢MS
L o4 o9

g Answer Mark

Use law of the logarithm of a power or a quotient M1

Remove logarithms and obtain a correct equation in x. €.g. x2 +1= ex2 Al

Obtain answer 0.763 and no other Al

Total: 3
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68. 9709 s17_MS 33 Q: 3
Answer Mark
Rearrange as 3u” +4u—4=0, or 3¢** +4¢* —4 =0, or equivalent Bl
Solve a 3-term quadratic for €* or for M1
Obtain € =2 oru=2 Al
Obtain answer x =—0.405 and no other Al
Total: 4
69. 9709 w17 _MS_31 Q: 2
Answer Mark
Plot the four points and draw straight line ¢ B1
State or imply that Iny=InC + xIlna B1
Carry out a completely correct method for finding a M1
Obtain answer C' = 3.7 Al
Obtain answer @ = 1.5 Al
5
70. 9709 w17 _MS_32 Q: 2
Answer Mark
arithm of a power or a quotient on the given equation M1
M1
PO
—8x—8=0, or horizontal equivalent Al
Solve a 3-term quadratic equation M1
Obtain final answer x = 8.90 only Al
5
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71.9709_mi16_MS_32 Q: 1

Answer Mark
Use law of the logarithm of a power, quotient or product M1
Remove logarithms and obtain a correct equation in x, e.g. x° +4 = 4x’ Al
Obtain final answer x=2/+/3 , or exact equivalent Al [3]
72.9709 s16_ MS 32 Q: 1
Answer Mark
Use law of the logarithm of a product, power or quotient M1*
Obtain a correct linear equation, e.g. (3x—1)In4=1In3+ xIn5 Al
Solve a linear equation for x DM1*
Obtain answer x = 0.975 0 Al [4]
73. 9709 s16_MS_33 Q: 2 ‘\
Answer Mark
(i) State or imply yIn3=(2—-x)In4 B1
State that this is of the form ay = bx + ¢ and thus a strai i r equivalent B1
.. In4 .
State gradient is I3’ or exact equivalent B1
n

0 3]
(ii) Substitute y = 2x and solve for x, using orrectly at least once M1
Obtain answer x=In4/In6, or exac ent Al

(2]

74.9709 w16 _MS 31 Q:

Answer Mark
35— g B1
¢ or solving an equation of the form 3" =a, where a > 0 M1
@btain 0.860 3 d.p. only Al [3]
75.9709 _wl6_MS 33 Q: 1
Answer Mark
Use law of the logarithm of a quotient M1
Remove logarithms and obtain a correct equation, e.g. e” = rr f Al
y+
Obtain answer y = ;—el , or equivalent Al [3]
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76. 9709 s15 MS_31 Q: 1
Answer Mark

Use law for the logarithm of a power at least once *MI

Obtain correct linear equation, e.g. 5xIn2 = (2x+1)In3 Al

Solve a linear equation for x MI dep *M

Obtain x = 0.866 Al [4]
77.9709 s15 MS_32 Q: 2

Answer Mark
Use laws of indices correctly and solve for u M1
; : 16
Obtain « in any correct form, e.g. 4= —— Al
16 -1
Use correct method for solving an equation of the form 4% =a, where a> 0 0 Ml
Obtain answer x = 0.0466 Al 4]
L/

78.9709 s15_MS_33 Q: 1 0 d

Answer Mark
Use law for the logarithm of a product, quotient or power M1

Obtain a correct equation free of logarithms, e. E:CJ;@ Al
X

Solve a 3-term quadratic obtaining at least one M1

Obtain final answer x = 1.13 only 0 Al 4

79.9709 w15 MS 31 Q: 2

Answer Mark
State or imply 1+ B1
Solve for M1
R T
Obtain roof‘?(l + cimal in [1.61, 1.62] Al
Use correct metho finding x from a positive root M1
Obtain x = 0.438 and no other answer Al [5]
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80. 9709 w15 MS 33 Q: 1

APPENDIX A. ANSWERS

Answer Mark
Draw curve with increasing gradient existing for negative and positive values of x M1
Draw correct curve passing through the origin Al [2]
81.9709 s20 MS 31 Q: 3
Use tan (4 + B) formula and obtain an equation in tan & M1
Using tan 60° = NG , obtain a horizontal equation in tan #1n any correct form Al
Reduce the equation to 3tan” @ + 4tan —1=0, or equivalent Al
Solve a 3-term quadratic for tan & % M1
Obtain a correct answer, e.g. 12.1° Al
Obtain a second correct answer, €.g. 122.9°, and no others in the given interval Al
X 6
82. 9709 s20 MS 32 Q: 5
@ State R=+/T Bl
Use trig formulae to find & M1
Obtain o= 57.688° Al
3
B1FT
® Evaluate cos— I(LJ to at least 3 d.p
V7
(FT is on their R)
he interval M1
Al
Al
4
83. 9709 s20 MS_33
Use tan 24 formula to express RHS in terms of tan M1
Use tan (4 + B) formula to express LHS in terms of tan M1
Using tan 45° = 1, obtain a correct horizontal equation in any form Al
Reduce equation to 2tan” 6 +tan& —1=0 Al
Solve a 3-term quadratic and find a value of & M1
Obtain answer §=26.6° and no other Al
6
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84.9709 w20 MS 31 Q: 6

Answer Mark Partial Marks
(a) State R = /15 Bl
Use trig formulae to find M1 | si
s¢ g tormutas to “ e 3 with no error seen or taner = 3 quoted then
coser /6 J6
allow M1
Obtain a = 50.77 Al | Must be 2 d.p.
Ifradians 0.89 A0 MR
3
B1FT | The FTi i t R.
® Evaluate 3 =cos™ 23 (49.797° to 4 d.p.) . 57 1S on meotree
V15 §=ﬁ—a [-2.9° and —301.7°]
X . 3 Ml x
Use correct method to find a value of 3 in the interval Needs to use 3
Obtain answer rounding to x = 301.6° to 301.8° Al
Obtain second answer rounding to x = 2.9(0)° to 2.9(2)° and no Al
others in the interval
4

85.9709 w20 MS 32 Q: 4

Answer Partial Marks

tand+tan60° 2

(@) | Use correct tan(A+B) formula and obtain an equation in tan & e _
' 1-tanftan60° tan®

Use tan60°=+/3 and obtain a correct horizontal equation i e.g tﬂnﬂ(tan8+ \/3) = 2(1 N tanﬂ)

Reduce to tan? 0+ 33 tan@—-2=0 correctly Al | AG

(b) Solve the given quadratic to obtain a value M1 _
gvend ma:@:osfm,-im

Al | Accept 1d.p. or better.
If over-specified must be correct. 19.797...., 100.2029...

Obtain one correct answer e.

.2° and no others in the given Al | Ignore answers outside the given interval.

Obtain second corre
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86.9709_m19 MS 32 Q: 3

APPENDIX A. ANSWERS

Answer Mark Partial Marks

(i) Use trig formulae and obtain an equation in sin 8 and cos 6 M1
Obtain a correct equation in any form Al
Substitute exact trig ratios and obtain an expression for tan & M1

Obtain answer tan 8 = 2v2-1 , or equivalent Al

1-v6

4

(ii) State answer, e.g. 0= 128.4° B1
State second answer, e.g. & = 308.4° B1 ft

2

87.9709 s19_MS_31 Q: 4

Answer

Mark

Use correct trig formula and obtain an equation in tan &

M1

Allow with 45°

Obtain a correct horizontal equation in any form

Al

Reduce to 2tan’d +3tand -1=0

Solve 3-term quadratic and find a value of &

Obtain answer 15.7°

ee working if using an incorrect quadratic

One correct solution (degrees to at least 3 sf)

Obtain answer 119.(3)°

Second correct solution and no others in range
(degrees to at least 3 sf)
Mark 0.274, 2.082 as MR: AOA1

6
88.9709 s19 MS 31 Q: 6
Mark Partial Marks
® State correct exp: B1
to express sin3x in terms of sin x M1
y form Al oo 251'11x(l—si112 x)+s'mx(1—2§in2 x)
®x correctly AG Al | Accept =for=
4
(ii) . L .3 1 B1 B1 | One mark for each term correct
Use identity, integrate and obtain 7chsx +Ecos 3x
Use limits correctly in an integral of the form M1 3 1 3 1 1 2
P T S el
a cos x + b cos 3x, where ab £ 0 8 12 4 12 24 3
biai 5 AL | Must be exact. Accept simplified equivalent e.g. 15
Obtain answer ﬂ 72
Answer only with no working is 0/4
4
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89. 9709 s19_MS_32 Q: 3

567

Answer Mark Partial Marks
Use correct trig formulae to obtain an equation in tan & or *ML | |_tan2g cot?8-1 2
equivalent (e.g all in sin 8 or all in cos 6) 72 — =2tan @ . Allow —2c0t 7] = pr
Obtain a correct simplified equation Al

Stan’@=1 or sin’t?:% 0rc0523:§

Solve for 6

DM1 | Dependent on the first M1

Obtain answer 24.1° (or 155.9%)

Al | One correct in range to at least 3 sf

Obtain second answer

Al | FT 180°—their 24.1° and no others in range.

Correct to at least 3 sf. Accept 156° but not 156.0

Ignore values outside range

If working in tan & or cos @ need to be considering both

square roots to score the second Al
Mark 0.421, 2.72 as a MR, so AOAL

90. 9709 w19 MS 32 Q: 4

Answer

&

@)

State R= /7

Mark hial Marks
Bl

Use correct trig formulae to find &

M1 1

Obtain o = 22.208°

(if)

Evaluate siu"[ )to at least 1 d.p.

2
V7

49.107° to 3 d.p. Bl can be implied by correct answer(s) later.
The FT is on their R

Use correct method to find a value of 8 in the j

SC: allow B1 for a correct alternative equation
eg.3tan’8—2J/6tan @ +1=0

M1 | Must get to

Obtain answer, e.g. 13.4°

Al | Accept correct over-specified answers.
13.449.. ., 54,3425 ..

Obtain second answer, g.g. s in the given

A1 | Ignore answers outside the given interval.
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91.9709_s18 MS_31 Q:2

Answer Mark
(1) Use trig formulae and obtain an equation in sin x and cos x Mi1*
Obtain a correct equation in any form Al
Substitute exact trig ratios and obtain an expression for tan x Mil(dep®)

(6+46) a1

Obtain answer tan x = ————— or equivalent
(6-+2)
4
(i1) State answer, e.g. 118.5° B1
State second answer, ¢.g. 298.5° z B1ft
2

92. 9709 _s18_MS_32 Q: 2

Use correct tan (4 + B) formula and obtain an equation in tan 8 1, 1-tan@tand5 _ 5 atjow M1 with tan 45°
tangd tan&+tan45

__1  1-tané
tangd tanf+1
Obtain a correct equation in any form Al | With values substituted
Reduce to 3tan’é = 1, or equivalent Al
Obtain answer x = 30° Al | One correct solution
Obtain answer x = 150° Al | Second correct solution and no others in range

OR: use correct sin(A+ B

equation in sin & and, c

MIA1

oszﬂzgorcmzﬂzii Al
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93. 9709 s18 MS 33 Q: 5

(1) Attempt cubic expansion and equate to 1 M1
Obtain a correct equation Al
Use Pythagoras and double angle formula in the expansion M1
Obtain the given result correctly Al
Total: 4
(i1) Use the identity and carry out a method for finding a root M1
Obtain answer 20.9° Al
Obtain a second answer, e.g. 69.1° AIFT
Obtain the remaining answers, €.g. 110.9° and 159.1°, and no others, in A1FT

interval
Total: 4

94. 9709 w18 MS 31 Q: 6

e

@

(D)

Answer Mark Partial Marks
Rearrange in the form Jsinx—cosx =12 BL
State R=2 B1
Use trig formulae to obtain a M1
Obtain a = 30° with no errors seen Al
4

Mark Partial Marks
Evaluate sin"[ it
d a value of x in the given interval M1
Al
i er e.g. x = 165° and no others Alft

[Treat answers 1n radians as a misread. Ignore answers outside the given interval.]

4
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95. 9709 _wl8_MS 32 Q: 2

APPENDIX A. ANSWERS

Answer  Mark Partial Marks

Use trig formula and obtain an equation in sin# and cos @ M1* | Condone sign error in expansion and/or omission of "+ cos8"
sin 8 cos 30° — cos #s5in 30° + cos & = 2sin &

Obtain an equation in tané Mi(dep™) | e.g. tang =il
Can be implied by correct answer following correct expansion.
Otherwise need to see working

Obtain tan & :1/(4— \ﬁ), or equivalent Al ﬁf , 04409 (2 s.f or better)

Obtain final answer 8 = 23.8° and no others in range Al | Atleast 3 sf (23.7939....)

ignore extra values outside range

96. 9709 mil7 MS 32 Q: 4

<

Answer Mark

) State R = 17 Bl
Use trig formula to find & M1
Obtain &= 61.93° with no errors seen Al
9 Total: 3
(i1) Evaluate cos™' (4 /17) to at least 1d.p. (76. D) B1Y
Use a correct method to find a valiie of x e interval 0° <x < 180° M1
Obtain answer, e.g. x = 7.2° Al
Obtain second answer, %%md no others Al

[Ignore answers o iven interval. |

dians as a misread. ]

Total: 4
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97.9709 s17_MS_31 Q:8

Answer Mark
(1) Usesin(4 — B) formula and obtain an expression in terms of sin x and cos x M1
Collect terms and reach+/3 sinx — 2cos x , or equivalent Al
Obtain R = \/7 Al
Use trig formula to find o M1
Obtain o = 49.11° with no errors seen Al
Total: 5

Answer @ Mark
(ii) Evaluatesin '(1/ V7 )to atleast 1 d.p. (22.21°to 2 d.p.) B1FT
Use a correct method to find a value of x in the interval 0{ ° M1
Obtain answer 71.3° Al

[ignore answers outside given range.]
Total: 3
98.9709 s17_MS_32 Q: 3

Answer Mark
@) Use correct form € equation in terms of cos #and sin & M1l
ress the equation in terms of cos G only M1
equation, e.g. 2 cos4 0+ c052 0-2=0 Al
| o Total: 3
(i) -term quadratic in cosZ @ for cos @ Ml
Obtain answer 8= 152.1°only Al
Total: 2
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99.9709_s17_MS_33 Q: 1

Answer Mark
Express the LHS in terms of either cos X and sin X or in terms of tan x B1
Use Pythagoras M1
Obtain the given answer Al
Total: 3
100. 9709 w17 MS 31 Q: 4
Answer Mark
)] Use correct tan(4 + B) formula and express the LHS in terms of tan 6 M1
Using tan 45° =1 express LHS as a single fraction Al
Use Pythagoras or correct double angle formula M1
Obtain given answer Q Al
4
(11) Show correct sketch for one branch B1
Both branches correct and nothing else seen in the interval B1
Show asymptote at x = 45° @ B1
3

101. 9709 _w17_MS_ 32

Answer Mark
S n(A4+ B) formula and express LHS in terms of tan & M1
Using tan 60° = \/3 and cot@=1/tan@, obtain a correct equation in tan & in any Al
form
Reduce the equation to one in tan” & only M1
Obtain 11tan”* @ =1, or equivalent Al
Obtain answer 16.8° Al
5
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102. 9709 _m16_MS_32 Q: 2
Answer Mark
Use tan(4 + B) formula and obtain an equation in tan & M1
Using tan45° =1, obtain a horizontal equation in tan &1in any correct form Al
Reduce the equation to 7tan” & —2tan & —1=0, or equivalent Al
Solve a 3-term quadratic for tan & M1
Obtain a correct answer, e.g. 6 =28.7° Al
Obtain a second answer, e.g. €=165.4°, and no others Al [6]
[Ignore answers outside the given interval. Treat answers in radians as a misread (0.500, 2.89).]
103. 9709 _s16_MS_31 Q:3
Answer Mark
Correctly restate the equation in terms of sin #and cos & B1
Using Pythagoras obtain a horizontal equation in cos & M1
Reduce the equation to a correct quadratic in cos 6, e.g. 3cos” 8 —cosf—2=0 Al
Solve a 3-term quadratic for cos & M1
Obtain answer 8= 131.8° only Al
[3]
[Lgnore answers outside the given interval.]
104. 9709 s16_MS_32 Q: 5
Answer Mark
(i) EITHER: Express cos 4@in terms of ¢ nd/or sin 26 B1
Use correct double angle formulay LHS in terms of sin #and/or cos & M1
Obtain a correct expression in te in @alone Al
Reduce correctly to the given Al
OR: Use correct doubl e formula to express RHS in terms of cos 26 M1
Express cos” 26 in terms offeos 460 B1
Obtain a correct @xpression in terms of cos 48 and cos 28 Al
Redugt;:or o the given form Al [4]
&,

(ii) Use the ﬁ?fentit out a method for finding a root M1
Obtain answe Al
Obtain a second answer, e.g. 291.5° A1
Obtain the remaining answers, e.g. 111.5° and 248.5°, and no others in the given
interval AN 4]

[Ignore answers outside the given interval. Treat answers in radians as a misread.]
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105. 9709 _s16_MS_33 Q: 3

Answer Mark

(i) State answer R =3 B1
Use trig formula to find M1
Obtain o =41.81° with no errors seen Al

(3]

(i) Evaluate cos™ (0.4) to at least 1 d.p. (66.42°t0 2 d.p.) Bl
Carry out an appropriate method to find a value of x in the given range M1
Obtain answer 216.5° only Al
[Ignore answers outside the given interval.] (3]

106. 9709 _w16_MS 31 Q: 3

Answer Mark
EITHER: Correctly restate the equation in terms of sin 6 and cos 8 B1
Correct method to obtain a horizontal equation insin & M1

Reduce the equation to a correct quadratic in any form, sin@-2=0 Al

Solve a three-term quadratic forsin 8 & M1

Obtain final answer = —41.8° only Al
[Ignore answers outside the given interval.]

OR 1: Square both sides of the equation and use ec’ 0 B1
Correct method to obtain a horizontal equation insin M1
Reduce the equation to a correct quadiati ny form, e.g. 9sin’ 6 - 6sing -8=0 Al
Solve a three-term quadratic for/§in M1
Obtain final answer 6= -41.8° onl Al
OR 2: Multiply through by (se M1
Use sec’d — tan®0 = 1 B1
Obtain 1 =3 + 3si Al
Solve for sin@ M1
Obtain fi 1.8° only Al (5]
107. 9709 _w16_MS 33
(X Answer Mark
oo @ . .
+® formula to obtain an equation in tan € only M1
e rrect horizontal equation Al
Rearrange equation as a quadratic in tan 6, e.g. 3tan” @+ 2tan@—1=0 Al
Solve for @ (usual requirements for solution of quadratic) M1
Obtain answer, e.g. 18.4° Al
Obtain second answer, e.g. 135°, and no others in the given interval Al [6]
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108. 9709 s15 MS_32 Q: 4
Answer Mark
(i) State R=+13 Bl
Use trig formula to find & M1
Obtain = 33.69° with no errors seen Al 3]
(ii) Evaluate sin'l(l;’\/ﬁ) toat least 1 d.p. (16.10°to 2 d.p) B1Y
Carry out an appropriate method to find a value of fin the interval 0° <& < 180° M1
Obtain answer €= 130.2° and no other in the given interval Al ]3]

[Ignore answers outside the given interval. ]
[Treat answers in radians as a misread and deduct Al from the marks for the angles. |

109. 9709 _s15 _MS 33 Q:3 0
Mark

Answer
Use correct tan 24 and cot 4 formulae to form an equation in tan x Ml
Obtain a correct equation in any form P Al
Reduce equation to the form tan® x + 6tanx —3=0, or equivalent \ Al
Solve a three term quadratic in tan x for x, as in Q1. & M1
Obtain answer, e.g. 24.9° (24.896) Al
Obtain second answer, e.g. 98.8 (98.794) and no others in the gi rval Al 6
[Ignore outside the given interval. Treat answers in radians ead.]
Radian answers 0.43452, 1.7243
110. 9709 w15 MS_31 Q: 3
An Mark
Use tan(A4 * B) and obtain an equafi @and tan ¢ M1+
Substitute throughout fo 1] dep M1*
Obtain 3tan” & —tan & tan” ¢p—Stang—2 =0, or 3-term equivalent Al
Solve a 3-term quadr an angle M1
Obtain answer 6= 4° Al
Obtain arfsWer 61.6° Al [6]
[Treat ﬁﬁwﬁ‘ in ra misread. Ignore answers outside the given interval.]

[SR: Two cbrrect va A (or @) score Al; then Al for both correct 8, ¢ pairs.]
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111. 9709_wi15_MS_33 Q: 6

Answer Mark
State or imply sin 4 x cos 45+ cos Ax sin45=2+/2 cos A B1
Divide by cos 4 to find value of tan 4 M1
Obtain tan 4 =3 Al
Use identity sec’B =1+ tan’ B B1
Solve three-term quadratic equation and find tan B M1
. 3
Obtain tan B = 5 only Al
. . . tanA4—tan B
Substitute numerical values in — M1
1+tan Atan B
.3
Obtain — Al [8]
11
112. 9709 _s20_MS 31 Q: 4
(a) Use product rule M1
Obtain derivative in any correct form e.g. 2e™ (sinx+3cosx)+e™ (cosx—3sinx Al
Equate derivative to zero and obtain an equation in one trigonometric rati M1
Obtain x = 1.43 only Al
4
(b) Use a correct method to determine the nature of the ary M1
x=142,3" =006e" >0
T k=144 1 =007 <0
Show that it is a maximum point Al
2
113. 9709 520 MS 32 Q:
M1
S ¢ in any form, e.g. —sin x sin 2x + 2¢0s X ¢os 2x Al
.4
¢ ,’U ula to express derivative in terms of sin x and cos x M1
®
tive to zero and obtain an equation in one trig function M1
Obtain 3sin2x=1,or3cos2x=2or2tan2x=1 Al
Solve and obtain x=0.615 Al
6
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114. 9709 s20 MS 33 Q: 4
(a) Use the product rule M1
State or imply derivative oftan'l(% x) is of the form k /(4 + x2), where k= 2 or 4, or equivalent M1
. N 41 2x . Al
Obtain correct derivative in any form, e.g. tan Ex +— 7 or equivalent
X+
3
B1
® State or imply y-coordinate is %7[
Carry out a complete method for finding p. e.g. by obtaining the equation of the tangent and setting x = 0, or by equating the M1
[
gradient at x=2 to 2
Obtain answer p=-1 Al
3

Q”Q
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115. 9709 _w20_MS_31 Q: 3

Answer Mark Partial Marks

B1
State or imply de 2sin28 or o 2+2cos26
de de

Use &= & dr M1
dc do dé
Obtain correct answer dy _ 2+2cos280 Z_COS 26 Al| OE
dx 2sin 26
Use correct double angle formulae M1

. . dy Al | AG. Must have simplified numerator in terms of cosé.
Obtain the given answer correctly o =cotf

Alternative method for question 3

Start by using both correct double angle formulae M1
eg. x=3 — (2c0sd — 1), v =260+ 2sinfcosf

dy B1

or
de de

dy _(2+2(c0528—sm28)) M1 Al q
dr 4cosfsing
d Al | AG

Simplify to given answer correctly Ey =cotf

Alternative method for question 3

Set = 26. State E = sinf or d_y = l+cost
dr dt

Use & o dy dv )
& A dr

Al | OE
Obtain correct answer d_y = m
dx sint

Use correct double angle formulae M1
d Al

Obtain the given answer correctly o5
5

?‘j_']'PapaCambridge



T‘:_']’PapaCambridge

579
116. 9709 w20 MS 32 Q: 5
Answer Mark Partial Marks
B1 | CWO, AEF.
@ State & sec’ @ or Y _ —2sin@cos@
de de
M1
Use o . dv
dc de de
Al | AG
Obtain % =-2sinfcos’ @ from correct working
Alternative method for question 5(a)
Convert to Cartesian form and differentiate M1 1
y =
1+ x2
v 2x Al | OE
dv (1 +x? )1
.y . 3 .
Obtain E =-2sinfcos’ & from correct working
® Use correct product rule to obtain %(ﬂ cos’ BsiuH)
Obtain correct derivative in any form
Equate derivative to zero and obtain an equation in one trig ratio
. _ 1
Obtain answerx = — —
NE
Alternative method for question 5(b)
a2 ¥ M1
Use correct quotient rule to obtain —=-
dxl
Obtain correct derivative in any form Al _2(1 e )2 +ax 2xx2x(1 e )
(1 +x° )4
Equate derivative to zero and obtain Al [eg 6X=2
Al
Obtain answer x = —
4
¢
X4
117. 9709_m19 *NIS _
Answer Mark Partial Marks
B1
State cos y% as derivative of sin y
State correct derivative in terms of x and y, e.g. sec’x/ cos ¥y B1
2 B1
State correct derivative in terms of x, e.g. see X
1—tan’x
Use double angle formula M1
Obtain the given answer correctly Al
5
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118. 9709 ml19 MS 32 Q: 10

Answer Mark Partial Marks
(i) State or imply du =—sin x dx B1
Using Pythagoras express the integral in terms of # M1
Obtain integrand Ju (1 —u’ ) Al
22 27 Al
Integrate and obtain —Euz +7u2 , or equivalent
3 7 M1 | Or substitute original limits
Change limits correctly and substitute correctly in an integral of the form awu? + bu? correctly in an integral of the form
3 T
a(cosx)? + b(cosx)?
. 8 Al
Obtain answer —
21
6

(ii) Use product rule and chain rule at least once

Obtain correct derivative in any form

Equate derivative to zero and obtain a horizontal equation in integral powers of sin x and cos x

Use correct methods to obtain an equation in one trig function

Obtain tan’x =6, 7cos’x =1 or 7sin’x=6 , or equivalent, and obtain answer 1.183

6
119. 9709 s19 MS_31 Q:3
Answer rk Partial Marks
B1
State or imply 3y* + 61];% as derivative of 3x”
B1
State or imply 3y° % as derivative of 3*
Equate derivative of LHS to zero, substil d find the M1 dy Pt ) o
— =———— | For incorrect derivative need to see the
L
substitution
Al | 333 or better. Allow %O ISW after correct answer seen
4

L 2

00"
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120. 9709 _s19 MS_32 Q: 4

581

Answer Mark Partial Marks

Use correct quotient rule ML | Atlow use of correct product rule on xx (1 +In x)il
Obtain correct derivative in any form Al 1

dy7(1+lnx)fxx;7 1 1

& (1+Inx) l+inx (1+Inx)

L 1 . .. M1 . 1 2
Equate derivative to Z and obtain a quadratic in In x or (1+ In x) Horizontal form. Accept Inx = Z(1+ lnx)
Reduceto (Inx)* —2Inx+1=0 Al | or 3-term equivalent. Condone Inx” if later used correctly
Solve a 3-term quadratic in In x for x M1 | Must see working if solving incorrect quadratic
Obtain answer x = ¢ Al | Accept €'
Al | Exact only with no decimals seen before the exact value.

Obtain answery = — e

| =

1

el e
Accept ; but not

1+Ine

121.

9709 s19 MS_32 Q: 10 Py
Answer Mark \ Partial Marks
® State correct expansion of sin(3x+x) or sin(3x—x) err formula retains + in the middle
Substitute expansions in %(s'm 4x +sin 2x)
L. 1, . . Must see the sin4x and sin 2x or reference to LHS and
Obtain sin3xcosx = E(sm 4x+sin2x) correctly RHS for Al
AG
3
(ii) 1 1 B1B1
Integrate and obtain % cosdx— 1 cos 2x
. L. 1 M1 | In their expression
Substitute limits x =0 and x = gﬁ' co!
. 9 Al | From correct working seen.
Obtain answer 1—
4
(iii) B1
ula. express derivative in terms of M1
Al
Solve for x or 2x (could be labelled x) M1 | Must see working if solving an incorrect quadratic
_14433 The roots of the correct quadratic are -0.843 and 0.593
cos2x=—— Need to get as faras x=...
8 The wrong value of x is 0.468 and can imply M1 if correct
quadratic seen
Could be working from a quartic in cos x:
16cos* x—14cos’ x+1=0
Obtain answer x = 1.29 only Al
5

o gPapaCambridge




"
] o
_"ng aCambri dge APPENDIX A. ANSWERS

122. 9709 _s19 MS 33 Q: 4

Answer Mark Partial Marks

1) Use the quotient or product rule M1
Obtain correct derivative in any form Al
27" Al

Reduce to — —1 o 7 . or equivalent, and explain why this is always negative
3
(i1) Equate derivative to — 1 and obtain the given equation B1
State or imply u? —4u +1=0, or equivalent in e® B1
Solve for a M1
Obtain answer a = 111(2 + \/3) and no other Al
4

123.9709 s19 MS_33 Q: 7
Answer Partial Marks
1) Use product rule

Obtain correct derivative in any form Al
2
(ii) Equate derivative to zero and use correct cos(4 + B) formula M1
Obtain the given equation Al
2
(111) Use correct method to solve for x M1

. 1 Al
Obtain answer, e.g. x = —7
12
Al
Obtain second answer, e.g. %n’, and no
3
124. 9709 w19 _MS_31
Answer Mark Partial Marks
——o
B1
Use the chain rule to find the derivative of y M1
i Al | OE
Obiain dy _ 2sin2f
df  1—cos2t
M1
Ue @ v
dc  dt
. dy Al | AG
Obtain o =cosec2t correctly
5
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125. 9709 w19 _MS_32 Q: 2

Answer Mark Partial Marks
Use correct quotient rule or correct product rule M1
Obtain correct derivative in any form Al dy 2 (1 _ xz) +2xe ™
L MM
& (1-+)
Equate derivative to zero and obtain a 3 term quadratic in x M1
Obtain a correct 3-term equation A1 | From correct work only
e.g. 2x? +2x-2=0or x* +x=1
Solve and obtain x = 0.618 only A1 | From correct work only
5

126. 9709 w19 _MS_32 Q: 5

Answer Mark arks
. L B1
State 4xy +2x° % , or equivalent, as derivative of 2x’y
. L B1
State 3% +2xy % , or equivalent, as derivative of xy* ‘

Equate attempted derivative of LHS to zero and set % equal to

zero (or set numerator equal to zero)

Rejecty =0 ow from y? —Joy =0
Obtain y = 4x OE from correct numerator. ISW
Obtain an equation in y (or in x) and solve for y (or for x) 1 5 5 3 yl y3 5
ofa 8x’ —16x" =a’ or———=a

8 4
Obtainy =—2a With no errors seen

Alternative method for question 5

3

. a M1 | Correct use of function of a function and implicit differentiation
Rewrite as y = 22— and
x

Obtain correct deriv: Al
- [4x —¥y- xd—y]

*M1
¢ erator equal to zero)
Al
Confirm 2x* —xy =0 Bl | x=0 and 2x =y both give a=0
Obtain an equation in y (or in x) and solve for y (or for x) DM1 ¥y
8 -16x =a’ or— - =4’
8 4
Obtainy =—2a Al | With no errors seen
7
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127. 9709 w19 _MS_33 Q: 4

APPENDIX A. ANSWERS

Answer Mark Partial Marks
(i) Use tan (4 + B) formula to express the LHS in terms of tan 2x and tan x M1
Using the tan 24 formula, express the entire equation in terms of tan x M1
Obtain a correct equation in tan x in any form Al
Obtain the given form correctly Al | AG
4
(ii) Use correct method to solve the given equation for x M1
Obtain answer, e.g. x=26.8° Al
Obtain second answer, e.g. x = 73.7° and no other Al | Ignore answers outside the given interval
3

128. 9709 _m18 MS 32 Q: 5

<

Answer Mark
@) State correct derivative of x or y with respect to ¢ B1
Use & = & + & M1
dx dr dr

i Al

Obtain Y __dsm2r , or equivalent

dx 2+2cos2f
Use double angle formulae throughou M1
Obtain the given answer co AG Al
5
(ii) ] B1
State or
Obtai B1
L 2
e 2
.
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129. 9709 s18 MS_31 Q:3

Answer Mark
Use quotient or product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and obtain a quadratic in tan%x or an equation of the M1*

formasinx=5

Solve for x Mil(dep™)
Obtain answer 0.340 Al
Obtain second answer 2.802 and no other in the given interval Al
6

130. 9709 _s18_MS 32 Q: 5 Py

Answer Mark Partial Marks

@ State or imply 3 v* % as derivative of y*

b

State or imply 6xy+3x” % as derivative of 3x°y =

dy
37 +6xp+3x° —-3
Xy w Y

OR State or imply 2x(x+3y)+x’ {1 +3%) as derivati

x*(x+3y)

M1 | Given answer so check working carefull;
Equate derivative of the LHS to zero and solve e v

Obtain the given answer Al
4
(ii) Equate derivative to Mi1*
Use their y =—2x tain an equation M1(dep*)
inxory
Al
B1

1
Must be exact e.g. e’llﬂ but ISW if decimals after exact value
seen
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131. 9709 _s18_MS 33 Q: 8

Answer Mark
i . . B1
® State or imply 3° % as derivative of »°
. . B1
State or imply 33 + 6xv % as derivative of 3xy*
M1
Equate derivative of LHS to zero and solve for %
Obtain the given answer Al
Total: 4
(ii) Equate denominator to zero and solve for y Mi1*
Obtainy=0andx=a Al
Obtain y = ox and substitute in curve equation to find x or V'S M1(dep™)
to find y
Obtainx=—a Al
Obtain y = 2a Al
Total: 5

132. 9709 w18 MS 31 Q: 4

An e Mark Partial Marks
i . dv d . B1
® Obtain 0 =2cos6+2cos28 or —2sin 26
Use dy/dx = dy/d8 + M1
i 1 Al
Obtain correct dy _ 2sin&+2sin26
2cos8+2cos20
3
(ii) & te de: d use any correct double angle formula Mi1*
Qbtain correc atic in cos # in any form Al
Solve for 8 depM1*
1 Al
Obtain x = 33/2 and y = 3 or exact equivalents
4
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133. 9709 m17 MS 32 Q: 3
Answer Mark
() Sketch a relevant graph, e.g. y = e B1
Sketch a second relevant graph, e.g. ¥ =4—x*, and justify the given statement B1
Total: 2
(ii) Calculate the value of a relevant expression or values of a pair of expressions at M1
x=-—landx=-1.5
complete the argument correctly with correct calculated values Al
Total: 2
Answer 6 Mark
(i11) Use the iterative formula correctly at least once M1
Obtain final answer — 1.41 Al
Show sufficient iterations to 4 d.p. to justify — 1.41 to 2 ow there is a sign Al
change in the interval (— 1.415, — 1.405)
Total: 3
134. 9709 _m17 MS 32 Q:5
Mark
Use product rule M1
Obtain correct form Al
zero, use Pythagoras and obtain a quadratic equation in tanx M1
nx+1=0, or equivalent Al
D 4
& n for a quadratic to have only one root M1
Al
Obtain answer x=17 Al
Total: 7
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135. 9709 _s17_MS_31 Q: 4

Answer Mark
1 i M1
@ Use chain rule to differentiate x (E —— a]
de cos @
d B1
State 2 3 e’
de
dy dy dx M1
Use g
dx de de¢
_ dy . 3—sec’ @ Al
Obtain correct — in any form e.g. =
dx —tan @
_dy tan’6-2 i z Al
Obtain — = —""= , or equivalent
dx tan €
Vs Total: 5
(11) Equate gradient to —1 and obtain an equation in tan @& M1
Solve a 3 term quadratic (tan2 O+tanf-2= 0) in M1
3 Al
Obtain 6=— and y= = only
4 4
Total: 3
136. 9709 _s17_MS 32 Q: 4
Answer Mark
i B1
® State d_y
d
N M1
&¢ 9. Use ;
.
- Al
Obtain answer L4 = _8i=2 , or equivalent e.g. 2 + 2
de  2¢(2t-1) to42 oy
Total: 3
(ii) Use correct method to find the gradient of the normal at 7 = 1 M1
Use a correct method to form an equation for the normal at £ =1 M1
Obtain final answer x + 3y —14 =0, or horizontal equivalent Al
Total: 3
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137. 9709 s17_MS_33 Q: 5
Answer Mark
6] Use the chain rule M1
Obtain correct derivative in any form Al
Use correct trigonometry to express derivative in terms of tanx M1
Al
Obtain Y = —me , or equivalent
dx  4+tan”x
Total: 4
(i1) Equate derivative to —1 and solve a 3—term quadratic for tan x M1
Obtain answer x=1.11 and no other in the given interval Al
Total: 2
®
138. 9709 w17 MS 31 Q: 5 *
Answer e Mark
1 B1
® State or imply »° + 3x° % as derivative @
d B1
State or imply 43’ Ey as derivati
d M1
zero and solve for—y
dx
Al
4
(i) o *M1
PO
. or equivalent Al
Obtain an equation in x or y DM1
Obtain final answerx=—1,y=2andx=1,y=-2 Al
4
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139. 9709 w17 _MS_32 Q: 4

Answer Mark
(1) Use correct product or quotient rule or rewrite as 2secx —tanx and differentiate M1
Obtain correct derivative in any form Al
Equate the derivative to zero and solve for x M1
Obtain x=+¢7 Al
Obtain y=+/3 Al
5
(i1) Carry out an appropriate method for determining the nature of a statio oint M1
Show the point is a minimum point with no errors seen Al
VS 2
140. 9709 w17 _MS_32 Q: 6
Answ Mark
i . d |E v B1
@ State or imply 3x%y +x° ay as vati <y

. d . B1

State or imply 9xy* ay + @watwe of 3x*
g M1

i to zero and solve for d
dx

AG Al
4
ator to zero and use x = — y to obtain an equation in x or in y M1
Obtain answerx=agandy=—a Al
Obtain answerx=—aandy=a Al
Consider and reject y = 0 and x = y as possibilities B1
4
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141. 9709 m16_MS 32 Q: 6
Answer Mark
(i) EITHER: State correct derivative of sin y with respect to x Bl
Use product rule to differentiate the LHS M1
Obtain correct derivative of the LHS Al
Obtain a complete and correct derived equation in any form Al
Obtain a correct expression for% in any form Al
OR: State correct derivative of sin y with respect to x B1
Rearrange the given equation as sin y = x/ (In x + 2) and attempt to differentiate
both sides B1
Use quotient or product rule to differentiate the RHS M1
Obtain correct derivative of the RHS Al
: ; dy .
Obtain a correct expression foray in any form Al [5]
. dy . . Lo . 0
(ii) Equate F® to zero and obtain a horizontal equation in In x or sin y M1
Solve for In x M1
Obtain final answer x =1/ e, or exact equivalent & \ Al [3]
142. 9709_s16_MS_31 Q:5
Answer Mark
Use product rule M1
Obtain correct derivative in any form, e.g. cosxcos2 sin xsin 2x Al
Equate derivative to zero and use double an e M1
Remove factor of cos x and reduce equatio in a single trig function M1
Obtain 6sin®x=1, 6cos’ x=5or 5ta Al
Solve and obtain x = 0.421 Al
[6]

[Alternative: Use doublg a
derivative

M1.Use chain rule to differentiate M 1. Obtain correct

€.g. cosé —6sin’ Hcos s above.]

S 4
" e

*
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143.9709_s16_MS_31 Q: 7

Answer Mark
(i) State or imply 6xy+3x> g};} as derivative of 3x”y B1
2 dy T 3
State 3y o as derivative of y B1
Equate attempted derivative of the LHS to zero and solve for% M1
Obtain the given answer Al
(4]
(ii) Equate numerator to zero Mi1*
Obtain x = 2y, or equivalent Al
Obtain an equation in x or y DM1*
Obtain the point (-2, —1) Al
State the point (0, 1.44) B1
[3]
0\
144. 9709_s16_MS_32 Q: 4
Answer Mark
i i . 24 2Inx
State or imply derivative of (Inx)" is 0 B1
X
Use correct quotient or product rule M1
2
Obtain correct derivative in any form, e. g.%— ]26) Al
X

Equate derivative (or its numerator) M1

Obtain the point (1, 0) withno e eel Al
Obtain the point (e°, de Al [6]
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145. 9709 s16 MS 33 Q: 4
Answer Mark
dx :
(i) State—=1-sin¢ B1
dr
Use chain rule to find the derivative of y M1
. d cost .
Obtain = = —, or equivalent Al
df  1+sint
dy dy dx
Use 2=2 .2 M1
dx dr dr
Obtain the given answer correctly Al
(5]
(i) State or imply 7= cos"(%) B1
Obtain answers x = 1.56 and x = — 0.898 B1 + Bl
(3]
146. 9709 _wi16_MS_31 Q: 4
Answer ° Mark
EITHER: EITHER: State2xy+x> L , or equivalent, as deriv; 2y B1
2 EIZ . : 2
State 6y~ +12xy e or equivalent tive of 6xy B1
OR: Differentiating LHS using roduct rule, state termxy(1— 6%) ,or
equivalent é B1
State term (y +x . —6y), or equivalent B1
2 dy
ted derivative of LHS to zero and set — equal to zero M1+
ntal equation, e.g. 63> —2xy =0 (from correct work only) | A1
reject y = 0 as a possibility py’ — gy =0 Al
tain an equation in x or y DM1
tain answer (—3a, —a) Al
w y = - and use correct quotient rule to obtain - % X e B1
4 ‘ x(x-6y) o (x-6y)
* (x-6y)+x(1-6y"), or equivalent B1
ustify division by x(x — 6)) B1
Set & equal to zero M1+
dx
Obtain a horizontal equation, e.g. 6y° - 2xy =0 (from correct work only) Al
Obtain an equation in x or y DM1
Obtain answer (—3a, —a) Al [7]
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147. 9709 _w16_MS_33 Q: 2

APPENDIX A. ANSWERS

Answer Mark
Use correct quotient or product rule M1
Obtain correct derivative in any form Al
Use Pythagoras to simplify the derivative to , or equivalent Al
1+cosx
Justify the given statement, — 1 < cosx < | statement, or equivalent Al [4]
148. 9709_s15_MS_31 Q: 4
Answer Mark
Differentiate to obtain form asin2x + bcosx M1
Obtain correct —6sin2x + 7cos x Al
Use identity sin2x = 2sin xcos x Bl
Solve equation of form ¢sinxcosx +d cosx =0 to find at least one value of x M1
Obtain 0.623 Al
Obtain 2.52 Al
: l : ;
Obtain 1.57 or — 7 from equation of form csinxcosx+dcosx =0 4 Al
3
Treat answers in degrees as MR — 1 situation & [7
149. 9709 _s15_MS_32 Q: 3
Answer Mark
EITHER: Use correct product rule M1
Obtain correct derivative in any fo —sinxcos2x —2cosxsin2x Al
Use the correct double angle fi express derivative in cos x and sin x,
or cos 2x and sin x M1
OR1: Use correct double angle 0 express y in terms of cos x and attempt
differentiation M1
Use chain rule ¢ ﬂg » M1
Obtain corr ive in any form, e.g. —6cos” xsin x + sinx Al
OR2: ula and attempt differentiation M1
. 3 "
ative in any form, e.g. — = sin3x— — sin x Al
* 2 g
L 2 %e C rmulae to express derivative in terms of cos x and sin x, or sin x Ml
Equate derivative t nd obtain an equation in one trig function M1
Obtain 6cos” x = sinx=5, tan®x=35 or 3cos2x=-2 Al
Obtain answer x = 1.15 (or 65.9°) and no other in the given interval Al [6]
[Lgnore answers outside the given interval.]
[SR: Solution attempts following the EITHER scheme for the first two marks can earn the
second and third method marks as follows:
Equate derivative to zero and obtain an equation in tan 2x and tan x M1
Use correct double angle formula to obtain an equation in tan x MI1]
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150. 9709 _s15 MS 33 Q: 4
Answer Mark
Use correct quotient or product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and obtain a horizontal equation M1
Carry out complete method for solving an equation of the form ae™ =b, or ae™ = be™* Ml
Obtain x=1In2, or exact equivalent Al
; 1 ;
Obtain y = —, or exact equivalent Al 6
3
151. 9709 s15 MS_33 Q: 5
Answer Mark
(i) State E=4a cos’ tsint , or d—y=4a sin’ 7 cos¢ Bl
dt dt
dy dy dr
Use L2, 2 Ml
dx dr dr

L/
Obtain correct expression for % in a simplified form \ Al 3

(ii) Form the equation of the tangent 0 M1

Obtain a correct equation in any form Al
Obtain the given answer Al 3
(iii) State the x-coordinate of P or the y-coordin, c@ y form Bl

Obtain the given result correctly Bl 2

152. 9709 w15 _MS 31 Q:5 Q
er Mark
. 2y - —

Bl
M1
Al
M1
Al [5]

Bl [I]

Bl [I]
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153. 9709 _wi15_MS_33 Q: 3

APPENDIX A. ANSWERS

Answer Mark
Use correct quotient rule or equivalent to find first derivative M1+
. —(1+tan x)sec® x —sec? x(2 - tanx .
Obtain ( ) 3 ( ) or equivalent Al
(1+ tan x)
. 1 .
Substitute x = i to find gradient dep M1*
. 3
Obtain —— Al
2
. 1
Form equation of tangent at x = 7 T M1
. 3 .
Obtain y= —Ex +1.68 or equivalent Al  [6]
154. 9709 _s20_MS 31 Q:5
@
(a) Commence division and reach quotient of the form 2x+ & M1
Obtain quotient 2x — 1 Al
Obtain remainder 6 Al
3
(b) Obtain terms x* — x BIFT
(FT on quotient of the form 2x + k)
. x M1
Obtain term of the form atan™ (—]
NG
Obtain term %tan" (%J AIFT
(FT on a constant remainder)
Use x=1 and x =3 as limj ing a term of the form atan™ (bx) M1
. Al
or exact equivalent
5
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155. 9709 20 MS 31 Q: 7
(a) Use quotient or product rule M1
—si 1+ si — Al
Obtain derivative in any correct form e.g. sin x(1+sinx) ﬂ:S x(cosx)
(l +sin x)
Use Pythagoras to simplify the derivative M1
Justify the given statement Al
4
(b) State integral of the form a In (1 + sin x) *M1
State correct integral In (1 + sinx) Al
Use limits correctly DM1
. 4 Al
Obtain answer 1ﬂ§
6 :
156. 9709 520 MS_32 Q:3
3 EN Mi1*
Commence integration and reach ax2 Inx + bj x2 —dx
x
3 3 Al
Obtain Zx2 lnx -ijz L
5 5 x
2 2 4 2 Al
Complete the integration and obtain 3 x?lnx— Exz , Of equi
Use limits correctly, having integrated twice DM1
2 4 2 4
eg —x321n4——><32—(—x0)+—
5 25 25
Al
Obtain answer E1n2 - 122—4 , OT exac
5
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157. 9709 _s20 MS_32 Q: 6

APPENDIX A. ANSWERS

(a) Use quotient or product rule M1
Obtain correct derivative in any form Al
(1+30%) —xx12¢
(1+3x)
Equate derivative to zero and solve for x M1
Obtain answer 0.577 Al
4
tate or = x dx, or equivalent
() s imply du=2/3x dx, or equival B1
Substitute for x and dx M1
Al
Obtain integrand ;, or equivalent
2,3(1+17)
State integral of the form a tan~! u and use limits =0 and = NG (or x =0 and x = 1) correctly M1
. 3 . Al
Obtain answer En , or exact equivalent
‘ 5
158. 9709 _s20 MS_33 Q: 2
Commence integration and reach Mi1*
a(2 —x)e‘z’ +.b'|.e'ZI dx, or equivalent
.1 P . Al
Obtain —5(2 —-x)e™ —EIe * dx, or equivalent
. . .1 s . Al
Complete integration and obtain —5(2 -Xx )e , or equivalent
DM1
Al
5
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159. 9709 s20 MS 33 Q: 7

@ State or imply the form 2:_1 + 2;11 and use a relevant method to find 4 or B M
Obtain4=1, B=-1 Al

2

(b) Square the result of part (a) and substitute the fractions of part (a) M1
Obtain the given answer correctly Al

2

© Integrate and obtain —ﬁ—%]ﬂ@x—l)+%lﬂ(2x+l)—ﬁ, or equivalent 83,210
Substitute limits correctly M1

Obtain the given answer correctly Al

5

160. 9709 w20 MS_31 Q: 10

Answer Mark Partial Marks
(a) Use correct product or quotient rule *M1 LI
x)e? —e?
s at least one of derivatives correct
Obtain correct derivative in any form
Equate derivative to zero and solve for x
Obtain x =4
Obtain y = —2¢72, or exact equivalent
5
(b) Commence integration and reach *M1 | Condone omission of dx
1 1 1 1
a(2-x)e ? +bje 2 dx -2(2-x)e ? +4e? or 2xe?
1 Al | OE
Obtain -2(2-x)e 2
Al | OE
2, correctly, having integrated DM1| Ignore omission of zeros and allow max of 1 error
Al | ISW
Alternative od for question 10(b)
1 *M1 Al
2
d| 2xe . .
—x —x
—2=2e? —xe?
dx
Ly Al
s2xe 2
Use correct limits, x = 0 and x = 2, correctly, having integrated DM1 | Ignore omission of zeros and allow max of 1 error
twice
Obtain answer 4¢7, or exact equivalent Al | ISW
5
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161. 9709 w20 _MS_32 Q: 9

Answer Mark Partial Marks
(a) . A Bx+C B1
State or ly the form +
ey 3x+2  x*+4
Use a correct method for finding a constant M1
Obtain one of A =3, B=-1,C=3 Al
Obtain a second value Al
Obtain the third value Al
5
(®) Integrate and obtain In(3x+2)... B1FT | The FT is on 4
State a term of the form k]n(x2 +4) . M1 From j Z’h dx
X +4
——]n(x2+4) A1FT | The FTison B
3. 4x B1FT | The FTison C
+>tan™ =
2 2
Substitute limits correctly in an integral with at least two terms of the M1 | Using tern at been obtained correctly from

form aln(3x+2), bln(x2 +4) and ¢ tan™ (g), and subtract in correct

order

Obtain answer %lnz + %I , Or exact 2-term equivalent

162. 9709 _ml19 MS_32 Q: 4

An Mark Partial Marks
1 M1°
Integrate by parts and reach ax 2Inx+b,
1 1 Al
Obtain —2x 2]nx+2!x 2 e t
1 1 Al

—2x Zlnx—4x 2,01 equivalent

g integrated twice Mi(dep’)

ing full and correct working Al

5

163. 9709 s19 MS 31 Q: 1

Answer Mark Partial Marks

State or imply ordinates 3, 2, 0, 4 B1 | These and no more
Accept in unsimplified form |2° - 4| efc.

Use correct formula, or equivalent, with 4 = 1 and four ordinates M1
Obtain answer 5.5 Al
3
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164. 9709 _s19 MS 32 Q: 8

601

Answer Mark Partial Marks
i B1
@ Smteorimpl),'ﬂn:formi + B +L2
2x+1 2x+3 (2x+3)
Use a correct method to find a constant M1
Obtain the values 4=1,B=—1,C=3 Al A1 A1
Dx+E Full marks for the three correct constants — do not actually
[Mark the form * 5 - where4=1,D=-2and need to see the partial fractions
2x+1 ( 2x+ 3) p
E=0,BIMIAIAIALI as above.]
5
(ii) Integrate and obtain terms B1B1Bl1 | FTond4,BandC.
1 1 3
“In(2x+1)-—In(2x+3)—————
2 2 2(2;: + 3)
[Correct integration of the 4, D, E form of fractions gives
%lﬂ(ix +1)+ in 3 %]11(2x+ 3) if integration by parts is used
for the second partial fraction.]
Substitute limits correctly in an integral with terms a In (2x + 1) R M1 | value for upper limi or lower limit
1 slip in sul core M1
bln(2x+3) and c/(2x+3), where abc # 0 Condone omi
If using alternative form: ex/(2x+3) ‘
Obtain the given answer following full and correct working Al | N least one interim step of valid log work.
165. 9709 _s19 MS 33 Q: 2
Answer Mark Partial Marks
Commence integration and reach Mi1*
ax?sin2x + b xsin 2xdx
Obtain %xzsiuZx—fxsin2xdx,oreq11iv Al
Complete the integration and Al
DM1
Al
5
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166. 9709 _s19 MS 33 Q: 3

APPENDIX A. ANSWERS

Answer Mark Partial Marks

(6))] Use double angle formulae and express entire fraction in terms of sing and cos & M1
Obtain a correct expression Al

Obtain the given answer Al

3

(1) State integral of the form *Incosé@ M1
Use correct limits correctly and insert exact values for the trig ratios DM1

Obtain a correct expression, e.g. 71.1L +In ﬁ Al

NG 2
Obtain the given answer following full and exact working Al
4

167. 9709_ w19 MS 31 Q: 6

Answer

Partial Marks

@

Use correct quotient rule

.
Obtain Ey =—cosec’x correctly

(i)

Integrate by parts and reach axcotx+5/cot xdx

Obtain —xcotx+ [cotxdx

State tInsinx as integral of cotx

Obtain complete integral —xcot x + Insinx

Use correct limits correctly

DM1
0+0+%—Jn—

V2

Obain  (x+ In4) following fullan

Al | AG
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168. 9709 w19 MS 31 Q: 8
Answer Mark Partial Marks
i B1
® State or imply the form A + ﬁz +i
X x° x+2
Use a correct method for finding a constant M1
Obtainone of A=—1,B=3,C=2 Al
Obtain a second value Al
Obtain the third vals Al
am e furd vatue Allow in the form AX‘:B+ ¢
X x+2
5
(ii) i 3 BIFT + | The FTison A4, B, C,oronAd, D, E.
Integrate and obtain t Inx—=+2n(x+2
grate and ol erms lnx—— (x+2) BIFT +
BIFT
. L . . . b M1 3
Substitute limits correctly in an integral with terms alnx, — and cln(x+2), where _1“4_Z+ 21n6(+ln1)+3— 2In3
x
abc+#0
Al | AG -, ine or simplify logs is
Obtain % following full and exact working eq implify log
169. 9709 w19 MS 31 Q: 9
Answer Mark Partial Marks
(i) Use cos(4 + B) formula to express cos3x in terms of trig functions of 2x X M1
Use double angle formulae and Pythagoras to obtain an expressio: ofcos x M1
only
Obtain a correct expression in terms of cos x in any form Al
Obtain cos3x=4cos’ x—3cosx Al | AG
4

(ii) Use identity and solve cubic 4cos’x = M1 | cosx=-0.6299...

Al | Accept 0.717xn
MI1AO for 129.0°

2
Bl +
@ | Obtain indefinite
B1
integral of the form asin3x + bsinx, where ab# 0 M1 | 11 . n 1. m '
—| —sinm+3sin———sin——3sin—
4|3 3 3 2 6
Al
—(9\/5 -1 1) , or exact equivalent
24
Alternative method for question 9(iii)
. . 1. Bl +
j‘cosx(lfsmz x)dx:smxfgsms x(+C) Bl
Substitute limits in an indefinite integral of the form asinx+5& sin® x where ab #0 M1 \/5 1 1 \ﬁ N 1
2 2 42 24
Al
Obtain answer i(()\/?_: -1 1) , Or exact equivalent
4
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170. 9709 w19 _MS_32 Q: 8

Answer Mark Partial Marks
i . Bx+C B1
@ State or imply the form A + f+
2x-1 X +2
Use a correct method for finding a constant M1
Obtain one of =4, B=—1,C=0 Al
Obtain a second value Al
Obtain the third value Al
5
ii i - BIFT
(ii) Integrate and obtain term 21n(2x—1) The FT is on A. %A]n(Zx -1)
i *M1
Integrate and obtain term of the form k]n(xz + 2) From — 3
X+

AIFT | The FTison B

Obtaia term —— In(* +2)
2

Substitute limits correctly in an integral of the form bM1 | , n9(=2In1)-
aln(2x—-1)+bIn(x* +2), where ab # 0

im

Obtain answer In 27 after full and correct exact working Al | ISW

171.9709_ w19 MS 33 Q: 8

Answer Mark Partial Marks
(i) State or imply ordinates 1, 1.2116..., 2.7597... B1

Use correct formula, or equivalent, with #=0.6 M1

Obtain answer 1.85 Al

(i) Bl

(iif) M1

Al

M1

Al | OE

®
¢ M1

Al
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172. 9709 w19 MS 33 Q: 10
Answer Mark Partial Marks
(i) Use product rule and chain rule at least once M1
Obtain correct derivative in any form Al
Equate derivative to zero, use Pythagoras and obtain an equation in cos x M1
Obtain cos’x+3cosx—1=0, or 3-term equivalent Al
Obtain answer x = 1.26 Al
5
(ii) Using du = + sin x dx express integrand in terms of # and du M1
Obtain integrand e* (uz —1) Al | OE
Commence integration by parts and reach ae" (uz 71) +bue* du *M1
Obtain e" (uz —1)—2[ue”du Al | OE %
Complete integration, obtaining e" (uz —2u+ l) Al | OE
Substitute limits # = 1 and # =— 1 (or x = 0 and x = = ), having integrated D
completely ‘
Obtain answer i, or exact equivalent
e
7
173. 9709 _mi18 MS_32 Q: 1
Mark
State or imply ordinates 1, 0. 0.6501...,0 B1
. 1 . M1
Use correct formula ent, with 4= o « and four ordinates
Al
3
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174. 9709 _m18 MS 32 Q:3

Answer Mark
(1) State correct expansion of cos(3x +x) or cos(3x—x) B1
M1
Substitute in %(cos 4x+cos2x)
Obtain the given identity correctly AG Al
3
. o B1
(i) Obtain integral %sin 4x+ %sin 2x
Substitute limits correctly M1
Obtain the given answer following full, correct and exact worki Al
& 3
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175. 9709 _m18 MS 32 Q: 8
Answer Mark
i B1
® State or imply the form Bx+ C
2x+1  x*+9
Use a correct method for finding a constant M1
Obtainoneof4=3,B=1and C=0 Al
Obtain a second value Al
Obtain the third value Al
5
ii B1FT
(i1) Integrate and obtain term %]n(Zx +1) 0
(FT on 4 value)
. 2 ‘
Integrate and obtain term of the form £ lIn(x” +9) é M1
Obtain term %]n(x2 +9) 0 ALFT
(FT on B value)
Substitute limits correctly in an inte a% tm gln(2x+1)+bln ( e 9] , M1
where ab=0
Obtain answer In 45 after ful rrect working Al
5
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176. 9709 _s18 MS_31 Q: 5

Answer Mark

(1) State or imply dx =-2cos & sin 8 d&, or equivalent B1
Substitute for x and dx, and use Pythagoras M1

Obtain integrand +2cos*8 Al

Justify change of limits and obtain given answer correctly Al

4

(i1) Obtain indefinite integral of the form a8+ bsin 26 Mi1*
Obtain 6+ %sin 26 Al

Use correct limits correctly M1(dep™)

Obtain answer %ﬂ with no errors seen 0 Al

4

177. 9709 _s18_MS_32 Q: 4

Answer ark Partial Marks
[6))] Use correct double angle formulae and express LHS i M1 | 2sinx—2sinxcosx
cos v and sin x 1—(2coslx—l)
Obtain a correct expression Al
Complete method to get correct de; y factorising M1
to remove a factor of 1—cos
Obtain the given Al
Given answer so check working carefully
MIAL
4
¢
MIAL
1-cos2x
4
(ii) State integral of the form a In(l+cosx) Mi1* | If they use the substitution u =1+cosx
allow M1A1 for —Inu

Obtain integral —In(1+ cos x) Al
Substitute correct limits in correct order M1(dep)*
Obtain answer lu(%) , or equivalent Al

4

T"i'.’PapaCambridge



T"’_']’PapaCambridge

609
178. 9709 s18 MS 32 Q:8
Answer Mark Partial Marks
(i) Use correct product or quotient rule M1 dy _ (x+ l)e e
dx
5 ( ) 1.3
e —(x+1)e
I S
E;X
Obtain complete correct derivative in any form Al
Equate derivative to zero and solve for x M1
Obtain answer x = 2 with no errors seen Al
4
(D) L 1 M1+
Integrate by parts and reach a(x+1)e ? +ble ¥ dx
1 1, Al -y -ly -1y
Obtain —3(x+1)e > +3[e * dr, or equivalent —3xe * +[3e P dr-3e’
. L Al
Complete integration and obtain —3(x+1)e * —9% * ,or
equivalent
Use correct limits x =— 1 and x = 0 in the correct order, Mi1(dep*)
having integrated twice ‘
1 Al
Obtain answer 9e* —12, or equivalent
179. 9709 s18 MS_33 Q: 3
Mark
M1*
Al
Al
M1(dep*)
Al
Total: 5
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180. 9709 _s18 MS 33 Q: 7

Answer Mark
@) State answer R = /5 B1
Use trig formulae to find tan « M1
Obtain tana =2 Al
Total: 3
(i1) State that the integrand is 3sec” (6 —a) BIFT
State correct indefinite integral 3tan(6—a) BIFT

Substitute limits correctly e M1
M1

Use tan(4 + B) formula

Obtain the given exact answer correctly Al

Total: 5

181. 9709 w18 MS 31 Q: 7

Answer

Mark Partial Marks

(i) Use product rule

Obtain correct derivative in any form

Equate derivative to zero and obtain an equation trig function depM1*

Mark Partial Marks
Mi

(ii)

L 24 Al

M1

Al
Obtain answer %

?‘]’PapaCambridge
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182. 9709 w18 MS_31 Q: 9

Answer Mark Partial Marks

i B1
@ State or imply the form zi + B + _<

—-x  3+2x (3+2x)2

Use a correct method to find a constant M1
Obtainone of A=1,B=-1,C=3 Al
Obtain a second value Al
Obtain the third value Al
[Mark the form A4 + LJrEZ .where4=1,D=-2and E=0,BIMIAIAlAIl
2-x  (3+2x)
as above.]
5
(1) Integrate and obtain terms B3ft | Theftisond,B, C.oronA, D, E.

“n(2-x)- L In(3+2x) -

2 2(3+2x)
Substitute correctly in an integral with terms a In (2 —x), M1
bln (3 +2x) and ¢ /(3 + 2x) where abc £ 0
Obtain the given answer after full and correct working Al
[Correct integration of the 4, D, E form gives an extra constant term if integration by ‘
parts is used for the second partial fraction.]

183. 9709 w18 MS 32 Q: 3

Answer \ Partial Marks
i Mi1*
@ Integrate by parts and reach a Inx + b]li dv
x? x 52
Al
Obtain + llﬂ—zx + Jl% dx, or equivalent
2 x x 2x
. . . A1l | Condone without “+ C”
Complete integration correctly and obf ISW
equivalent
3
 Mark | Partial Marks
ii Mi(dep*
@ expression of the form 41—2+£2 (dep™) B
x 8 16 4
Al | The step 2= Zin4 or 2In2 = In4 needs to be clear.
2
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184. 9709 w18 MS_32 Q: 7

Answer Mark Partial Marks
(1) Use correct quotient or product rule M1
Obtain correct derivative in any form Al | dy  3sinx(2+sinx)—3cosxeosx
d (2+sinx)’

Condone invisible brackets if recovery implied later.

Equate numerator to zero M1
Use cos”x +sin’x =1 and solve for sinx M1 | —6sinx-3=0 = sinr=....
Obtain coordinates x=—7/6 and y=+/3 ISW Al + Al | From correct working. No others in range
SR: A candidate who only states the numerator of the derivative,
but justifies this, can have full marks. Otherwise they score
MOAOMIMIAOAOQ
6
(ii) State indefinite integral of the form & In (2 + sin x) Mi1*
Substitute limits correctly, equate result to 1 and obtain Al | or equivalent

3In(2+sing)—3n2=1

Ive an incorrect equation, so
tion.

e% —1)]

Use correct method to solve for @ M1(dep*) | Allow for a c@
long as that equa

Obtain answer a = 0.913 or better itional solutions. Must be in radians.

Q"’Q
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185. 9709 ml17 MS 32 Q: 7
Answer Mark
73 B1
@ State or imply a = 2%
dr dr
B1
State or imply (Z—V =1-02vh
t
Obtain the given answer correctly B1
Total: 3
7(ii B1
(i) State or imply du = L dh , or equivalent
2vh

Substitute for /# and d/ throughout M1
3 _ Al

Obtain T = IM du , or equivalent

3 u ‘

Integrate and obtain terms 1001Inu — 20u , or equivalent Al
Substitute limits # = 3 and « = 5 correctly M1
Obtain answer 11.1, with no errors seen Al
Total: 6
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186. 9709 _m17_MS_32 Q: 10

Answer Mark
i B1
® State or imply derivative is 2E
X
State or imply gradient of the normal at x = e is — ¢, or equivalent B1
Carry out a complete method for finding the x-coordinate of Q M1
. 2 . Al
Obtain answer x =e+—, or exact equivalent
e
Total: 4
(ii) Justify the given statement by integration or by differentiation B1
@ial: 1
il M1~
(it Integrate by parts and reach ax(Inx)* + bjx.E dx
X ®
Complete the integration and obtain x(ln x)* — 2xInx+2 equivalent Al
Use limits x = 1 and x = e correctly, having integr DM1
Obtain exact value e — 2 Al
: : : 1 B1/
Use x- coordinate of @ found in p ) ain final answer € —2 + —
e
Total: 5

Q“"‘Q@

?‘]’PapaCambridge



T"’_'"PapaCambridge

615
187. 9709 s17 MS 31 Q:3
Answer Mark
1 - B1
@ Remove logarithms correctly and obtaine” = =y
¥
) o ) ) B1
Obtain the given answer y = following full working
1+e™
Total: 2
(11) State integral kln(l+e ™) where k =+ 1 *M1
State correct integral —In(l+¢™") Al
Use limits correctly 0 DM1
. . 2e . . Al
Obtain the given answer In| — | following full working
e+l
Total: 4
188. 9709 s17_MS_31 Q: 10
Mark
1) State or imply du = —sinx dx B1
Using correct double angl , express the integral in terms of # and du M1
Obtain integrand + Al
1 Al
tain correct integral I (2u* —1)*du with no errors seen
71;
VS in an integral of the form au® +bu’ + cu M1
.
swer £(7— 4\/5) , or exact simplified equivalent Al
Total: 6
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Answer Mark
(i1) Use product rule and chain rule at least once M1
Obtain correct derivative in any form Al
Equate derivative to zero and use trig formulae to obtain an equation in M1

cosx and smx
Use correct methods to obtain an equation in cos x or sin x only Ml
Obtain 10cos”® x =9 or 10sin® x =1, or equivalent Al
Obtain answer 0.32 Al
Total: 6
<
189. 9709 s17 MS 32 Q: 7

Answer L/ Mark
) Use quotient or chain rule M1
Obtain given answer correctly Al
Total: 2

(ii) EITHER:

1
Multiply numerator and denominatoﬁ@ sind

sec fand tané M1

Use Pythagoras and express LHS 1

Complete the proof Al)
ORI: 1
Express RHS in t dsin 6
xpress RHS in terms of sin & M1
Al)
* o1
| o erms of sec and tand
merator and denominator by sec8 + tané and use Pythagoras M1
Complete the proof Al)
Total: 3
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Answer Mark
(1i1) Use the identity and obtain integral 2tan 6 + 2sec8 — & B2
Use correct limits correctly in an integral containing terms a tané and b sec M1
Obtain answer 2+/2 — %ﬂ,’ Al
Total: 4

190. 9709 _s17_MS 33 Q: 4

Answer Mark

1 1 *M1
Integrate by parts and reach a/cos; 6+ bICOSE 6de

Complete integration and obtain indefinite integral —26cos 36 Al
Substitute limits correctly, having integrated twice \¢ DM1
Obtain final answer (4—1)/ J2, or exact equiva%e Al
Total: 4

191. 9709_s17_MS 33 Q: 7

Answer Mark
(1) @ duct rule M1
. y form Al
to zero and solve for x M1
Al

*

Y X3 Total: 4
(i1) ply ordinates 1.6487...,1.3591..., 1.4938... B1
Use correct formula, or equivalent, with 2= 1 and three ordinates Mi1
Obtain answer 2.93 only Al
Total: 3
(ii1) Explain why the estimate would be less than £ B1
Total: 1
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192. 9709 _s17_MS_33 Q: 9

APPENDIX A. ANSWERS

Answer Mark
i B1
@ State or imply the form A +£2 + ¢
x x° 3x+2
Use a relevant method to determine a constant M1
Obtain one of the values A=3,B=-2,C=-6 Al
Obtain a second value Al
Obtain the third value Al
Ax+B C .
[Mark the form x_z + using same pattern of marks.]
x 3x+2
0 Total: 5
. _ 9 B3FT
(i) Integrate and obtain terms 3Inx==—2In(3x+2) .
x
[The FT is on 4, B and C] &\
Note: Candidates who integrate the partial ﬁact@— by parts should obtain
2 .
3lInx+—-3 or equivalent
x
Use limits correctly, having integrated e partial fractions, in a solution M1
containing terms alnx+2+c¢ln
Obtain the given answe ¢ full and exact working Al
Total: 5
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193. 9709 w17 MS 31 Q: 8
Answer Mark
)] Use a relevant method to determine a constant M1
Obtain one of the values 4 =2, B=2, C=-1 Al
Obtain a second value Al
Obtain the third value Al
4
(i) Integrate and obtain terms 2 x + 2In(x + 2) — %ln(2x —1) (deduct B1 for each error or B2FT
omission) [The FT is on 4, B and C)
Substitute limits correctly in an integral containing terms a In(x + 2) an @ 1), *M1
where ab = 0
Use at least one law of logarithms correctly & DM1
Obtain the given answer after full and correct working Al
5
194. 9709 w17 MS 31 Q: 9 0
Mark
(1) Use correct product or quoti M1
Obtain correct derivati form Al
Equate denv nd obtain a 3 term quadratic equation in x M1
W a1
4
r
(i1) rts and reach A(1+ xz)e_%x +1 I xe T dx *M1
Obtain —2(1+ x* )eféx + 4_[3667%" dx, or equivalent Al
Complete the integration and obtain (—18 — 8x — 2x” )ef%x , or equivalent Al
Use limits x = 0 and x = 2 correctly, having fully integrated twice by parts DM1
Obtain the given answer Al
5
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195. 9709 w17 _MS_32 Q: 1

Answer Mark
(i) State or imply ordinates 0.915929..., 1, 1.112485... B1
Use correct formula, or equivalent, with # = 1.2 and three ordinates M1
Obtain answer 2.42 only Al
3
(i1) Justify the given statement B1
1

196. 9709 _m16_MS_32 Q: 5 z

Answer Mark
(i) State or imply dx =+/3sec’ 0 d@ P B1

Substitute for x and dx throughout \ M1
Obtain the given answer correctly Al [3]

(i) Replace integrand by $c0s20 ++ o B1

Obtain integral }sin20+10 B1Y
Substitute limits correctly in a of the form csin26+ b8, where cb # 0 M1
Obtain answer é\/gﬂ:+ . % ivalent Al [4]
[The fit. is on inte e form acos28+b , where ab #0.]
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197. 9709 ml16_MS 32 Q: 9
Answer Mark
(i) State or obtain 4 =3 B1
Use a relevant method to find a constant M1
Obtainoneof B=-4,C=4and D=0 Al
Obtain a second value Al
Obtain the third value Al [5]
(ii) Integrate and obtain 3x —4Inx B1
Integrate and obtain term of the form kIn(x” +2) M1
Obtain term 21n(x* +2) Al
Substitute limits in an integral of the form ax +blnx +cln(x” +2), where abc # 0 M1
Obtain given answer 3 —In4 after full and correct working Al [5]
198. 9709 _s16_MS_31 Q: 2
Answer L/ Mark
Integrate by parts and reach axe > +b j.e‘zx dx ( M1
Obtain —1xe™ +1 Ie_zx dx, or equivalent Al
Complete the integration correctly, obtaining —%xe’2 ¥ —Leg, orequivalent Al

Use limits x = 0 and x = ] correctly, having integrated % M1

Obtain answer +— %e—l , or exact equivalent o Al
[3]

199. 9709 _s16_MS 32 Q: 3

Answer Mark
Integrate by parts and 0s2x+b |xcos2x dx M1*
Obtain —Wo , or equivalent Al
* : 2 ;
Complete ﬂf‘eﬂﬂegr obtain —1x” cos2x + L xsin2x +4cos2x, or equivalent Al
Use limits correctl g integrated twice DM1*
Obtain answer %(7:2 —4), or exact equivalent, with no errors seen Al [5]
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200. 9709 _s16_MS_32 Q: 7

Answer Mark
; ; C
(i) State or imply the form A+ + B1
2x+1 x+2
State or obtain 4 =2 B1
Use a correct method for finding a constant M1
Obtain one of B=1,C=-2 Al
Obtain the other value Al [5]
(ii) Integrate and obtain terms 2x ++In(2x+1)—2In(x +2) B3+
Substitute correct limits correctly in an integral with terms aln(2x +1)
and bIn(x +2), where ab =0 Mi
Obtain the given answer after full and correct working Al [5]
201. 9709 s16 MS 33 Q: 7
Answer Mark
(i) State or imply du = 2x dx , or equivalent B1
Substitute for x and dx throughout M1
Reduce to the given form and justify the change in limits Al
[3]
(ii) Convert integrand to a sum of integrable terms and attémpt integration M1
o 1 1 ;
Obtain integral LInu +———, or equivalent Al+ Al
¢ u it
(deduct A1 for each error or omission)
Substitute limits in an integral containing twe.tefms of the form alnu and bu > M1
Obtain answer +In2 -2, exact simpl@]uivalent Al
rs1
202. 9709 w16 MS 31 Q: 5
Answer Mark
(i) | EITHER: {Use tan 24 formula to express LHS in terms of tan & M1
. Xpress as a single fraction in any correct form Al
> 9 Pythagoras or cos 24 formula M1
*Q in the given result correctly Al
L 4
OR: Express LHS in terms of sin 26, cos 26, sin fand cos 6 M1
Express as a single fraction in any correct form Al
Use Pythagoras or cos 24 formula or sin(4 — B) formula M1
Obtain the given result correctly Al [4]
(ii) | Integrate and obtain a term of the form aln(cos26) orb1n(cos &) (or secant equivalents) M1~
Obtain integral —In(cos26) + In(cos §) , or equivalent Al
Substitute limits correctly (expect to see use of both limits) DM1
Obtain the given answer following full and correct working Al 4]

T"i']'PapaCambridge



T"’_'"PapaCambridge

623
203. 9709 _wl6_MS 31 Q: 7
Answer Mark
(i) | Use the correct product rule M1
Obtain correct derivative in any form, e.g. (2— 2x)¢::'éx +12x- X2 )e%x Al
Equate derivative to zero and solve for x M1
Obtain x =+/5 -1 only Al [4]
(ii) | Integrate by parts and reach a(2x — xz)e%x + bI 2- 2x)e%x dx Mi*
Obtain 2¢*" (2x - x") - Zj (2—2x)e*dx , or equivalent Al
Complete the integration correctly, obtaining (12x — 2x* — 24)6%’( , or equivalent Al
Use limits x = 0, x = 2 correctly having integrated by parts twice DMI1
Obtain answer 24 — 8e, or exact simplified equivalent Al [5]
204. 9709 _wl6_MS 33 Q: 6 EEE!
Answer ‘_é Mark
. 1
1] State or imply du = dx B1
2

Substitute for x and dx throughout

Justify the change in limits and obtain the given ans

(ii) Convert integrand into the form 4 + M1+
u+
Obtain integrand 4 =1, B = -2 @ Al
Integrate and obtain # —2In(u +1) Al + AL
Substitute limits correctly in an 1 aining terms au and bln(u + 1),
where ab =0 DM1
Obtain the given answer fol and correct working Al [6]
[The fit.is on 4 and B.]
205. 9709 _s15_MS_31 Q:
Mark
Attempt cggla i ordinates MI
Obtain Q47,81, 1 Al
Use trapezi ule M1
i, .
Obtain — (9+ 14 +72+ 17) or equivalent and hence 21 Al [4]
2
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206. 9709 _s15_MS_31 Q: 5

Answer Mark
(a) Use identity tan® 2x =sec®2x —1 Bl
Obtain integral of form ax+ bhtan2x MI
. 1 .
Obtain correct 3x + — tan 2x, condoning absence of + ¢ Al [3]
2
. 1 L1
(b) State SInxcoS — 7+C0S X SIn —m BI
2 6
T 1 cosxsiniz _
Simplify integrand to cos — 7 +———95— or equivalent Bl
6 sin x
Integrate to obtain at least term of form « In(sin x) *M1
Apply limits and simplify to obtain two terms M1 dep *M
Obtain S T3~ £ In( : ) or equivalent Al [5]
8 2 2
@
207. 9709 s15 MS_31 Q: 9 *
Answer Mark
(i) Use product rule to find first derivative Ml
Obtain 2xe* ™ — x>~ Al
Confirm x =2 at M Al [3]
(ii) Attempt integration by parts and reach 6 szeZ—x *M |
Obtain —x?e*™ + Ierz'x Al
Attempt mtegratlon by parts a @ £x%e’™ + 2y’ £2e* *M1
Obtain — x* —2xe’ Al

Use limits 0 and
Obtain 2e* —10

ted twice M1 dep *M
Al [6]

L 2

0'“

L 4

208. 9709 _s15_MS_3

Answer Mark
State or imply ordinates 0, 0.405465..., 0.623810..., 0.693147... B1
Use correct formula, or equivalent, with /2= o 7 and four ordinates M1
6
Obtain answer 0.72 Al 3]
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209. 9709 s15 MS_32 Q: 6
Answer Mark
(i) State or imply du =— . dx , or equivalent Bl
2x
Substitute for x and dx throughout M1
o +2(2-u)? ,
Obtain mtegrandﬁ , or equivalent Al
u

Show correct working to justify the change in limits and obtain the given answer with

1o errors seen Al [4]
(ii) Integrate and obtain at least two terms of the form alnu, bu,and cu’ M1*

Obtain indefinite integral 8Inu —8u +u”, or equivalent Al

Substitute limits correctly M1 (dep*)

Obtain the given answer correctly having shown sufficient working Al 4]
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210. 9709_s15_MS_33 Q: 10

Answer Mark
. A B C
i) State or imply f(x)= + + B1
@ Py 1(x) 2x-1 x+2 (x+2)?
Use a relevant method to determine a constant M1
Obtain one of the values 4 =2, B=—-1,C=3 Al
Obtain the remaining values Al + Al 5
A Dx+E

[Apply an analogous scheme to the form

+———— the values being 4 = 2,
2x—-1 (x+2)

D=-1,E=1]

<

. 1 \
(ii) Integrate and obtain terms —-2In(2x—1)—In(x+2)— - ( B1¥'+B1¥+B1Y
2
Use limits correctly, namely substitution must be seen in@wo of the partial fractions

to obtain M1 Integrate all 3 partial fractions and substi | three partial fractions
for A1 since AG. M1
Obtain the given answer following full and exac ing Al 5
[The t marks are dependent on 4, B, C etc.
[SR: If B, C or E omitted, give BIMI in B1¥YB1YMI in part (ii).]

x+1

[NB: Candidates who follow the 4, D e in part (i) and then integrate —

)2

by parts should obtam —-2 lni ZQ» In(x+2) + — (the third term is equivalent

to ~—+1)]
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211. 9709 w15 _MS_31 Q: 10
Answer Mark
(i) Use the quotient rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and solve for x M1
Obtain answer x =3/2 , or exact equivalent Al [4]
(i) State or imply indefinite integral is of the form kIn(l +x°) M1
State indefinite integral %ln(l +x7) Al
Substitute limits correctly in an integral of the form & In(1 + X3 ) M1
State or imply that the area of R is equal to %ln(l +p°) —%ln 2, or equivalent Al
Use a correct method for finding p from an equation of the formIn(1+ p*)=a
or In((1+ p*)/2)=b M1
Obtain answer p = 3.40 0 Al [2]
212. 9709 w15 MS 33 Q: 5 0\
Answer Mark
State du =3sinxdx orequivalent B1
Use identity sin 2x =2 sin x cos x B1
Carry out complete substitution, for x and dx M1
Obtain IS —2u du , or equivalent Al

Vi o
1
Integrate to obtain expression of form au? + blot 0 M1#
1 3
Obtain correct 16u2 — guz 0 Al

dep M1~
Al [8]
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213. 9709 w15 _MS 33 Q: 7

Answer Mark
(i) Either Substitute x=—1 and evaluate M1
Obtain 0 and conclude x+1 is a factor Al
Or Divide by x+1 and obtain a constant remainder M1
Obtain remainder = 0 and conclude x+1 is a factor Al [2]
(i) Attempt division, or equivalent, at least as far as quotient 4x* + kx M1
Obtain complete quotient 4x* —5x —6 Al
A B
State form + + ¢ Al
x+1 x-2 4x+3
Use relevant method for finding at least one constant M1
Obtain one of 4=-2,B=1,C =38 Al
Obtain all three values Al
Integrate to obtain three terms each involving natural logarithm of linear form M1
Obtain — 2 In(x + 1) + In(x — 2) + 2 In(4x + 3) , condoning no use of modul
and absence of ... + ¢ Al [8]
L/
214. 9709 _s20 MS 31 Q: 6
(a) State or imply AT=rtanx or BT =rtanx E B1
Use correct area formula and form an equation in 7 and x M1
Rearrange in the given form Al
3
(b) Calculate the values of a relevant expression or pair ions at x=1and x=14 M1
Complete the argument correctly with correct values Al
2
(c) Use the iterative formula correct| M1
Obtain final answe; Al
Show sufficient i .p- to justify 1.35 to 2 d.p. or show there is a sign change in the interval (1.345, 1.355) Al
3
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215. 9709_s20_MS_32 Q: 9
@ State cosp= % Bl
Differentiate both equations and equate derivatives at x=p M1
Obtain a correct equation in any form, e.g. —sin p = —Lz Al
(1+p)
Eliminate & M1
Obtain the given answer showing sufficient working Al
5
(b) Use the iterative formula correctly at least once M1
Obtain final answer p=0.568 Al
Show sufficient iterations to justify 0.568 to 3 d.p., or show there is a sign change in the interval (0.5675, 0.5685) Al
3
() Use a correct method to find & M1
Obtain answer £=1.32 Al
2
216. 9709 20 MS_33 Q: 6
(a) Sketch a relevant graph, e.g. y=x Bl
Sketch a second relevant graph, e.g. y=x + 2 and justify the given stati t Bl
2
® State a suitable equation, e.g. x= 4xj +2 Bl
5x7 -1
Rearrange this as x° =2 +x or commence workin: B1
2
M1
Al
Al
3
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APPENDIX A. ANSWERS

Answer Mark Partial Marks
a Sketch a relevant h, e.g. y = cosec x B1 i
@ S, C.£8 ¥ cosec x, U shaped, roughly symmetrical about x = g }{%):1
and domain at least E,s—n .
6 6
. o B1 | Exponential graph needs ¥(0) = 2, negative gradient, always
Sketch a second relevant graph, e.g. y=1+ e 2 , and justify the increasing, and y(w) > 1
given statement Needs to mark intersections with dots, crosses, or say roots at
points of intersection, or equivalent
2
) Use the iterative formula correctly at least twice M1 | 2,2.3217,2.2760, 2.2824. ..
Need to see 2 iterations and following value inserted correctly
Obtain final answer 2.28 Al | Must be supported by iterations
Show sufficient iterations to at least 4 d.p. to justify 2.28 to Al
2 d.p.. or show there is a sign change in the interval (2.275,
2.285) @
3

Q"’Q
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218. 9709 _w20_MS 32 Q: 10
Answer Mark Partial Marks
(a) Use correct product rule M1
Obtain correct derivative in any form Al dy 1 . . .
e.g = =—cosx—+/rsinx. Acceptinaorinx
de 2y
derivati d obtai 1 Al | Obtain given answer from correct working.
Equate derivative fo zero and obtain tana 24 The question says ‘show that ..” so there should be an
intermediate step €.g. cosx =2xsinx.
1
Allow tanx=—
2x
3
(b) | Use the iterative process correctly at least once (get one value and go on M1 | Must be working in radians
to use it in a second use of the formula) Degrees gives 1, 12.6039, 5.4133, ... MO
Obtain final answer 3.29 Al | Clear conclusion
Show sufficient iterations to at least 4 d.p.to justify 3.29, or show there Al | 3,3.3067,3.2917,3.2923
is a sign change in the interval (3.285, 3.295) Allow more than 4d.p. Co: cation.
3
() . . .. . 2 Bl . .
State or imply the indefinite integral for the volume is nj'(«f;c cos x) dx [If T omitted, or give B0 and follow

Use correct cos 24 formula, commence integration by parts and reach
x(ax +bsin2x) % [ ax + bsin 2xdx

Obtain x(%x +%siu2x)—f%x+%s'm2xdx, or equivalent

Complete integration and obtain

lx2 +lxs'm2x+lc052x

Substitute limits x = 0 and x = %I, having integrated twis

DM1

2
IE Lol gL
4

Obtain answer %n(nl - 4) , Or exact equivale;

Al

CAO

219.

9709 ml19 MS 32 Q:

Answer Mark Partial Marks
tly at least once M1
Al
rations to 6 d.p. to justify 1.3195 to 4 d.p., or show there is a sign change in Al
(1.31945, 1.31955)
3
@ State x = u:ﬂ , or equivalent Bl
3x7+8
State answer 34 , or exact equivalent Bl
2
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220. 9709 _s19 MS 31 Q: 7

Answer Mark Partial Marks
(63} State at least one correct derivative Bl| ,nl X, 1
2 _ x)l
Equate product of derivatives to — 1 M1 | or equivalent
. . .1 2 Al
Obtain a correct equation, e.g. ZsmEx =(4-x)
. a Al
Rearrange correctly to obtain a =4— 251[15 AG
4
(ii) Calculate values of a relevant expression or pair of expressions at M1 a=2 2<27027. ( 0.703 2317
= = €.g.
a=2anda=3 & =3 3>2587. | 0412) (0995
Values correct to at least 2 dp
Complete the argument correctly with correct calculated values Al
2
(iii) 1 M1
Use the iterative formula a,,, =4 — (25111511") correctly at least
once
Obtain final answer 2.611 Al
Show sufficient iterations to 5 d.p. to justify 2.611 to 3 d.p., or show Al | 2,27 . 5,2.61152,2.61070, 2.61077
there is a sign change in the interval 2 2.60969, 2.61087,2.61076
(2.6105, 2.6115) 19061301, 2.61056, 2.61079
cation. Accept more than 5 dp

Q"’Q
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221. 9709 _s19 MS_32 Q: 6

633

Answer Mark Partial Marks
(i) Correct use of trigonometry to obtain 4B = 2rcosx Bl | AG
1
(i) Use correct method for finding the area of the sector and the ML 1 1 , 1 2
semicircle and form an equation in x EXE”r :E(Zrcosx) 2x
. a |z Al - P . 2 T
Obtain x =cos Tox correctly AG Via correct simplification e.g. from cos” x = ?
X
2
(iii) Calculate values of a relevant expression or pair of expressions at M1 =1 1-1.11 f (1) =1.11
r=landx=15 e.g. Accept
x=15 155120 f(l.S):l_ZO
Must be working in radians T
f(x)=x—cos™,|— :f(1)=-0.111.,,£(1.5)=0.3..
16x
F 4
f(x)=cosx—,|— :f( 97.,1(1.5)=—-0.291.
16x
For 16xcos” x — 7z Lf(1.5)=-3.02..
Must find va ast one value correct
Correct values and complete the argument correctly Al
2
(iv) ﬂ Ml | 1 13707,1.14225,1.14329,1.14349,
Use x,,, —cos™ [F] correctly at least twice 1.14354.1.14354
X, i i
1.16328,1.14742,1.14432,1.14370
Must be working in radians ,1.20060,1.15447,1.14570,1.14397,1.14363
Obtain final answer 1.144 Al
Show sufficient iterations to at least 5 d.p. to justify 1.144 to 3 d.p. Al
or show there is a sign change in the interval
(1.1435, 1.1445)
3

222. 9709 _s19 MS_33 Q: 6

Mark Partial Marks
(0] State b=3 B1
1
(ii) each partial quotient x* + jx? M1
A1 | There being no remainder
earrange to make the subject @ M1
Obtain the gi Al
4
i Use the iterative formula a,,, = 7%(2 +a? +a"3) correctly at least once Mi
Obtain final answer —0.715 Al
Show sufficient iterations to 5 d.p. to justify —0.715 to 3 d.p., or show there is a sign Al
change in the interval
(-0.7145, -0.7155)
3
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223. 9709 w19 MS 31 Q: 5

Answer Mark Partial Marks
[6)] Use correct product rule M1
Obtain correct derivative in any form Al
d -2x
& :72672’]u(x71)+e—
dx x-1
Equate derivative to zero and derive Al | AG
. - . -
x=1+e"" orp=1+""
3
(ii) Calculate values of a relevant expression or pair of relevant expressions at x = 2.2 and M1
x=26
1
f(x)=In(x-1)- =1(2.2)=-0.234,f(2.6)=0.317
()=In(x )5 = 1(2) 26)

—2x
f(x)=2¢>In(x 1)+ "‘—l: £(2.2)=0.005..., £(2.6)=0.0017..
x,

Complete the argument correctly with correct calculated values Al

(iii)
Use the iterative process p,,; =1 +exp correctly at least once

_r
2(p,-1)

Obtain final answer 2.42

Show sufficient iterations to 4 d.p. to justify 2.42 to 2 d.p., or show there is a sign
change in the interval (2.415, 2.425)

Q"’Q
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224. 9709 w19 MS_ 32 Q: 9

635

Answer Mark Partial Marks
() Commence integration by parts, reaching *M1
axsinlx—bj-sinlxdx
3 3
. . . Al
Obtain 3xsmlx73j-smlxdx
3 3
. . . 1 1 Al
Complete integration and obtain 3x sm;x + 9(:053 X
Substitute li]mjts corre«]ctly and equate result to 3 in an integral of the DM1 3=3asin? +9cos (~0)—9
form pxsin—x + gcos—x 3 3
3 3
a A1l | With sufficient evidence to show how they reach the given
4-3cos— :
. equation
Obtain a = correctly
sin—
3
5
(ii) Calculate values at @ = 2.5 and a = 3 of a relevant expression or pair M1 | 2.5<2.679and 3 > 2.827
of expressions. If using 2.679 and 2.8, 6‘»’ ¢ linked explicitly to 2.5 and 3.
Solving f(a) = 5 nd f(3) =—0.173 or if
f(a):asin% d— 45 £(2.5)=—0.13...£(3) = 0.145...
Complete the argument correctly with correct calculated values Al | Accept . or better
2
iii 4-3cos! M1
() Use the iterative process a,,, = a,,, T2 correctly at least
sinta,
once
Show sufficient iterations to at least 5 d.p. to justify 2.736 to 3d.p., A
or show a sign change in the interval (2.7355, 2.7365)
Obtain final answer 2.736 Al
3
225. 9709 w19 MS 33 Q: 5
wer Mark Partial Marks
) Sketch a relevant g (x+2) Bl
'g. y=4e™*, and justify the given statement B1 | Consideration of behaviour for x < 0 is
needed for the second Bl
I :
(ii) evant expression or pair of expressionsat x =1 andx=1.5 M1
Complete th ent correctly with correct calculated values Al
2
(iii) Use the iterative formula correctly at least twice using output from a previous M1
iteration
Obtain final answer 1.23 Al
Show sufficient iterations to 4 d.p. to justify 1.23 to 2 d.p., or show there is a sign Al
change in the interval (1.225, 1.235)
3
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226. 9709 _ml18 MS 32 Q:7

Answer Mark
(@) Sketch a relevant graph, e.g. y =e** B1
Sketch a second relevant graph, e.g. y=6+¢ *, and justify the given statement Bl
2
(i1) Calculate the value of a relevant expression or values of a pair of relevant M1
expressions atx =0.5andx =1
Complete the argument correctly with correct calculated values Al
2
(iit) State a suitable equation, e.g. x = %]n(l + 6e’f) z Bl
Rearrange this as ¢’ =6+¢*, or commence working v. Bl
2
Answe Mark
(iv) Use the iterative formula correctly at @ M1
Obtain final answer 0.928 Al
Show sufficient iterations t to justify 0.928 to 3 d.p., or show there is a sign Al
change in the interval -9285)
3
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227. 9709 s18 MS_31 Q:8
(1) _L _L Mi1*
Integrate by parts and reach Ixe 2 +m[e 2 dx
L 1 Al
Obtain —2xe 2 +2[e 2 dx
L L Al
Complete the integration and obtain —2xe 2 —4e 2 , or equivalent
Having integrated twice, use limits and equate result to 2 Mi(dep*)
Obtain the given equation correctly Al
5
(i1) Calculate values of a relevant expression or pair of expressions at a = 3 %5 M1
Complete the argument correctly with correct calculated values Al
2
(iii) Use the iterative formula a, , =21n(a, +2) correct ce M1
Obtain final answer 3.36 Al
Show sufficient iterations to 4 d.p. to justi d.p., or show there is a sign Al
change in the interval (3.355, 3.365)
3

228.9709_s18_MS_32 Q: 6

Mark Partial Marks
(i) Use correct method fi M1 za® 1 5, 1, .
semicircle and forn &8 T 6*5“ siné
A1 | Given answer so check working carefully
Al
3
(ii) of a relevant expression or pair of expressions M1 z £(22)=237..>22
- — g f(8)=—+siné
at 0=2.2 and 6=2.4 eg. f(8)="+sin £(24)=224..<24
f(2.2)=-0.17...<0
or f(6)=6-Z—sing (22)
2 £(2.4)=+0.15..>0
Complete the argument correctly with correct calculated values Al
2
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Answer Mark Partial Marks
(i) Use 6,,, . sin 8, correctly at least once Ml eg
2 22 23 24
Obtain final answer 2.31 Al 2.3793 2.3165 2.2463
Show sufficient iterations to 4 d.p. to justify 2.31 to 2 d.p. or Al 22614 2.3054 2.3512
show there is a sign change in the interval (2.305, 2.315)
2.3417 23129 2.2814
2.2881 2.3079 2.3288
2.3244 2.2970
2.3000 2.3185
23165 2.3041
2.3054 23138
2.3129 2.3072
3
229. 9709 s18 MS_33 Q: 4
Answer Mark
1) Use the quotient or product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and obtain the giv ion Al
Total: 3
(i1) Sketch a relevant graph, e.g. v = B1
3 _ . B1
Sketch a second relevani 'g. v =1+= . and justify the given statement
x
Total: 2
iii + M1
(i11) a correctly at least once
n
X 4 Al
X4
nt iterations to 4 d.p.to justify 4.97 to 2 d.p. or show there is a sign Al
Total: 3
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230. 9709 w18 MS 31 Q: 3

639

Answer ' Mark Partial Marks
@ Sketch a relevant graph, e.g. y= © B1
Sketch a second relevant graph, e.g. ¥ =3 — x, and justify the given statement B1 | Consideration of behaviour for x <0 is needed
for the second B1
2
(i) State or imply the equation x = (2x1 + 3) / (3x2 + 1] B1
Rearrange this in the form ©=3— X, Or commence work vice versa B1
2
Answer Mark Partial Marks
(iii) Use the iterative formula correctly at least once M1
Obtain final answer 1.213 Al
Show sufficient iterations to 5 d.p. or more to justify 1.213 to 3 d.p., or show there is a Al
sign change in the interval (1.2125, 1.2135)
3

231.9709 w18 MS 32 Q: 5

Answer Ma Partial Marks
i U duct rul t i . . . .
@ 5¢ product fufe on a colrect expression Condone with +—— unless there is clear evidence of incorrect
8—x
product rule.
Obtain correct derivative in any form Al gy x
—= ln(S - x) -——
dx 8—x
L . Al | Given answer: check carefully that it follows from correct
Equate derivative to 1 and obtain x=8- ki
n(8—x working
Condone the use of @ for x throughout
3
(ii) Calculate values of a M1 8 H]
expressions atx = 2. s—Ezaobz,a, s—E:uv(n
Clear linking of pairs needed for M1 by this method
(0.19 and -0.13)
ith correct calculated values A1 | Note: valid to consider gradient at 2.9 (1.06..) and 3.1 (0.95..)
and comment on comparison with 1
2
Answer Mark Partial Marks
M1
(iii) Use the iterative process x,,; =8— —8 correctly to find at 3,3.0293, 30111, 3.0225, 3.0154, (3.0198)
In(8-x,) 2.9.3.0897, 29728, 3.0460, 3.0006, 3.290, 3.0113, 3.0223, 3.0155
least two successive values. 3.1,2.9661, 3.0501, 2.9980, 3.0305, 3.0103, 3.0229, 3.0151
SR: Clear successive use of 0, 1, 2, 3 etc., or equivalent, scores MO. Allow M1 if values given to fewer than 4 dp
Obtain final answer 3.02 Al
Show sufficient iterations to at least 4 d.p. to justify 3.02 to 2 d.p., Al | Must have two consecutive values rounding correctly to 3.02
or show there is a sign change in the interval (3.015, 3.025)
3
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232. 9709 _s17_MS_31 Q: 5

Answer Mark

) Use correct sector formula at least once and form an equation in » and x Ml
Obtain a correct equation in any form Al
Rearrange in the given form Al
Total: 3
(ii) Calculate values of a relevant expression or expressions atx=1andx = 1.5 M1
Complete the argument correctly with correct calculated values Al
Total: 2
(ii1) Use the iterative formula correctly at least once @ M1
Obtain final answer 1.374 Al
Show sufficient iterations to 5 d.p. to justify 1.374 to 3 d. there is a sign Al

change in the interval (1.3745, 1.3755) x
Total: 3

233.9709_s17_MS_32 Q: 10 @
Mark
(1) Use correct product rule M1
Obtain correct derivative.i rm ( y'=2xcos2x— 2x2 sin Zx) Al
e given equation Al
Total: 3
(ii) ula correctly at least once e.g. M1
PN 0.53261 — 0.54070 — 0.53755
Al
Show sufficient iterations to 4 d.p. to justify 0.54 to 2 d.p., or show there is a sign change in Al
the interval (0.535, 0.545)

Total: 3
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Answer Mark

(i) Integrate by parts and reach ax? sin 2x + bjxsin2x dx Ml
Obtain %xz Sin2xfj2x.%sin 2x dx Al
. . 1.2 . 1 1. . Al

Complete integration and obtain 5x7sin 2x+ % xcos 2x— 450 2x, or equivalent
Substitute limits x = 0, x = %ﬂ' , having integrated twice DA
Obtain answer i(ﬂ2 —8), or exact equivalent Al
Total: 5

234. 9709 s17_MS_33 Q: 6 ;EE
Answer Mark
(6] Calculate the value of a relevant expression or expressions at x= 2.5 and at another M1
relevant value, e.g. x =3
Complete the argument correctly with correct galc values Al
Total: 2
(i1) State a suitable equation, e.g. x = /(1- x)) without suffices Bl
Rearrange this as cotx=1— ence working vice versa B1
Total: 2
(i11) Use the iterati correctly at least once M1
Obtain 2.576 only Al
erations to 5 d.p. to justify 2.576 to 3 d.p., or show there is a sign Al
erval (2.5755, 2.5765)
L 24

Total: 3
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235. 9709 w17 _MS_31 Q: 3

Answer Mark
(1) Calculate value of a relevant expression or expressions atx =2 and x=3 M1
Complete the argument correctly with correct calculated values Al
2
(11) Use an iterative formula correctly at least once M1
Show that (B) fails to converge Al
Using (A), obtain final answer 2.43 Al
Show sufficient iterations to justify 2.43 to 2 d.p., or show there is a sign change in Al
(2.425, 2.435)
4
236. 9709 w17 MS_32 Q: 9
Answer Mark
® Integrate by parts and reach ax’Inx + bJ. x%.i dx Ml
Obtain 2% Inx—2 [x* dx Al
Obtain integral %x% Inx 4@:quivalent Al
Substitute limits ¢ d equate to 2 DM1
Obtain the swer correctly AG Al
5
(e ¢ a relevant expression or pair of expressions atx=2andx =4 M1
¢

q‘@ e argument correctly with correct calculated values Al
2
(iii) Use the iterative formula correctly at least once M1
Obtain final answer 3.031 Al
Show sufficient iterations to 5 d.p. to justify 3.031 to 3 d.p., or show there is a sign Al

change in the interval (3.0305, 3.0315)
3
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237.9709_m16_MS_32 Q: 3
Answer Mark
(i) Consider sign of x° —3x” + x> —4 atx=1 and x = 2, or equivalent M1
Complete the argument correctly with correct calculated values Al [2]
(ii) Rearrange the given quintic equation in the given form, or work vice versa B1 [1]
(iii) Use the iterative formula correctly at least once M1
Obtain final answer 1.78 Al
Show sufficient iterations to 4 d.p. to justify 1.78 to 2 d.p., or show there is a sign change
in the interval (1.775, 1.785) Al [3]

238. 9709 _s16_MS_31 Q: 6

Answer 0 Mark

(i) Make recognizable sketch of a relevant graph B1
Sketch the other relevant graph and justify the given statement B1
0\ [2]

" 1 '
(ii) Statex= 51n(25 / x) B1
Rearrange this in the formSe™" = Jx B1

[2]

(iii)  Use the iterative formula correctly at leastQ M1

Obtain final answer 1.43 Al
Show sufficient iterations to 4 d.p. oy
in the

interval (1.425, 1.435) 0 Al
[3]

1.43 to 2 d.p., or show there is a sign change

?‘]’PapaCambridge
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239. 9709 _s16_MS 32 Q: 8

APPENDIX A. ANSWERS

Answer Mark

(i) Use correct quotient or chain rule M1

Obtain correct derivative in any form Al
Obtain the given answer correctly Al [3]

(ii) State a correct equation, e.g. —¢ “ =—cosec acota B1
Rearrange it correctly in the given form B1 [2]

(ifi) Calculate values of a relevant expression or pair of expressions at x =1 and x = 1.5 M1
Complete the argument correctly with correct calculated values Al [2]

(iv) Use the iterative formula correctly at least once M1

Obtain final answer 1.317 Al

Show sufficient iterations to 5 d.p. to justify 1.317 to 3 d.p., or show there is a sign
change in the interval (1.3165, 1,3175) 0 Al [3]

240. 9709 _s16_MS 33 Q: 6

Equate 2-term derivative to zero and obtain the given an ctly Al

(3]

Answer Mark
(i) Use the product rule M1
Obtain correct derivative in any form Q Al

(i) Use calculations to consider the sign of a releva ionatp=2and p=2.5, or
compare values of relevant expressions at a 25 M1
Complete the argument correctly with correct caleulated values Al

(2]

(iii) Use the iterative formula correctl nce M1
Obtain final answer 2.15 Al
Show sufficient iterations to

in the interval (2.1 Q

justify 2.15 to 2 d.p., or show there is a sign change
Al
(3]
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241. 9709 w16 _MS 31 Q: 6
Answer Mark
(i) | Make recognizable sketch of a relevant graph B1
Sketch the other relevant graph and justify the given statement B1 [2]
(ii) | Use calculations to consider the value of a relevant expression at x = 1.4 and x = 1.6,
or the values of relevant expressions at x = 1.4 and x = 1.6 M1
Complete the argument correctly with correct calculated values Al [2]
.5 3
(iii) | State x=2sin"'| — B1
x+3
Rearrange this in the form coseclx=1x+1 B1 [2]
If working in reverse, need sin > = [i] for first B1
2 \x+3
(iv) | Use the iterative formula correctly at least once M1
Obtain final answer 1.471 Al
Show sufficient iterations to 5 d.p. to justify 1.471 to 3 d.p., or show there is a si
change in the interval (1.4705, 1.4715) Al 3]
242. 9709 w16 _MS_ 33 Q: 9 (
Answer 9 Mark
@) Differentiate both equations and equate derivative, M1~
Obtain equation cosa —asina=—-— Al + Al
a
k -
State a cos a = — and eliminate & DMI1
a
Obtain the given answer showing i orking Al [5]
(ii) Show clearly correct use of e formula at least once M1
Obtain answer 1.077 Al
Show sufficient iterati . to justify 1.077 to 3 d.p., or show there is a
i i 5, 1.0775) Al [3]
to determine & M1
5 Al [2]
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243. 9709 _s15_MS_ 31 Q: 10

Answer Mark
(i) Obtain ®__2 and d—y:3t2 +2 Bl
dt t+2 ds
Use & = 4 + i3 M1
dx dr dr
dy o1,
Obtain — = — (3" +2)(r+2 Al
=2 (0 +2)0+2)
Identify value of 7 at the origin as —1 Bl
Substitute to obtain = as gradient at the origin Al [5]
2

o 1
(ii) (a) Equate derivative to — and confirm p = !

- Bl 1
g p?+2 H
(b) Use the iterative formula correctly at least once 0 M1
Obtain value p =-1.924 or better (-1.92367...) Al

Show sufficient iterations to justify accuracy or show a sign cha
appropriate interval Py Al
Obtain coordinates (—5.15,-7.97) \ Al [4]

244. 9709 s15 MS_32 Q: 5
Answer @ Mark
(i) State or imply AT =rtanxor BT = rtan BI1

Use correct arc formula and form an e rand x M1

Rearrange in the given form % Al 3]
(ii) Calculate values of a relevant n or expressions at x= 1 and x = 1.3 M1

Complete the argument cor correct calculated values Al 2]

(iii) Use the iterati orrectly at least once Ml
i Al
ns to 4 d.p. to justify 1.11 to 2 d.p., or show there is a sign change in

15) Al [3]
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245. 9709 _s15 MS_33 Q: 6
Answer Mark
(i) Integrate and reach £ xsinx ¥ I sin x dx M1*
Obtain integral xsinx + cosx Al
Substitute limits correctly, must be seen since AG, and equate result to 0.5 M1(dep*)
Obtain the given form of the equation Al 4
(iiy EITHER: Consider the sign of a relevant expression at a = 1 and at another relevant value,
T
ega=15< — M1
2
OR: Using limits correctly, consider the sign of [xsin x +cos xE —0.5, or compare
the value of [xsinx +cosx]j with 0.5, for a=1 AND for another relevant value,
T
ega=15< —. Ml
2
Complete the argument, so change of sign, or above and below stated, both wi ct
calculated values Al 2
(iii) Use the iterative formula correctly at least once Y 3 M1
Obtain final answer 1.2461 \ Al
Show sufficient iterations to 6 d.p. to justify 1.2461 to4 d.p., 0 &N ere is a sign change
in the interval (1.24603, 1.24615) Al 3
246. 9709 w15 MS_31 Q: 4
Answer Mark
(i) Evaluate, or consider the sign of, X - for two integer values of x, or equivalent M1
Obtain the pair x =2 and x =3, wj ors seen Al 2]
(ii) State a suitable equation, e.g. Bl
Rearrange this as , or work vice versa Bl [2]
(iii) Use the iterative rectly at least once M1
Obtain final Al
5 d.p. to justify 2.219 to 3 d.p., or show there is a sign change
2195) Al [3]
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247. 9709 _wl5_MS_33 Q: 4

Answer Mark
. d y d
(i) Use LA X and equate Y04 M1
dv x dx
3
Obtain =4 or equivalent Al
2p+
Confirm given result p=3/2p+3 correctly Al  [3]
(ii) Evaluate p—3/2p+3 or p’ —2p—3 orequivalent at 1.8 and 2.0 M1
Justify result with correct calculations and argument
(-0.076 and 0.087 or —0.77 and 1 respectively) Al [2]
(iii) Use the iterative process correctly at least once with 1.8 < p, < 2.0 M1
Obtain final answer 1.89 Al
Show sufficient iterations to at least 4 d.p. to justify 1.89 or show sign change @
interval (1.885, 1.895) Al [3]
248. 9709 s20 MS 31 Q: 9 \
(@ State E(orﬁ) and R(or &) in vector form B1
Calculate their scalar product M1
Show product is zero and confirm angle 4BC is a right angle Al
3
(b) Use correct method to calculate the lengths of AB BC M1
Show that 4B = BC and the triangle is isosceles, Al
2
Bl
M1
Al
Al
Use a scalar product to find the projection CN (or BN) of OC (or OB) on BC M1
Obtain answer CN= ;{or BN =?] Al
Use Pythagoras to find ON M1
Obtain answer %ﬁ , or equivalent Al
4
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249. 9709 _s20_MS_32 Q: 10
(a) State that the position vector of Mis 3i+ j Bl
Use a correct method to find the position vector of N M1
Obtain answer ?i +2j+2k Al
Use a correct method to form an equation for MN' M1
Obtain correct answer in any form, e.g. r=3i+j+A4 (%l +j+ ZkJ Al
5
(b) State or imply r= u(2i + 2j + 3Kk) as equation for OB Bl
Equate sufficient components of MN and OB and solve for 1 or for i M1
Obtain =3 or g =2 and position vector 4i +4j + 6k for P Al
3
(©) Carry out correct process for evaluating the scalar product of direction vectors for OP and MP, or eqn M1
Using the correct process for the moduli, divide the scalar product by the product of the moduli and g i Ml
cosine of the result
Obtain answer 21.6° Al
3
250. 9709 _s20 MS_33 Q: 8
(a) State or imply AB or AD in component form B1
Use a correct method for finding the position vector of Mi1
Obtain answer 4i + 3j + 4k, or equivalent Al
Using the correct process for the moduli, comp: f a pair of adjacent sides, e.g. 4B and AD M1
Show that ABCD has a pair of unequal adj Al
Alternative method for question 8
State or imply AB or B1
Use a correct methy e position vector of C M1
Al
te the scalar product of AC and BD , or equivalent M1
[BCD are not perpendicular Al
5
() Use the correct process to calculate the scalar product of a pair of relevant vectors, e.g. 4B and AD M1
Using the correct process for the moduli, divide the scalar product by the product of the moduli of the two vectors and evaluate M1
the inverse cosine of the result
Obtain answer 100.3° Al
3
(c) Use a correct method to calculate the area, e.g. calculate AB.AC sin BAD M1
Obtain answer 11.0 A1FT
(FT on angle BAD)
2
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251. 9709 w20 MS_31 Q: 11

Answer Mark Partial Marks

(a) Express general point of at least one line correctly in component B1
form, i.e.
(A+at2+20,1-Aor (2+2u, 1—u,—1+p)

Equate at least two pairs of corresponding components and solve M1 | May be implied
for 4 or for u 1+al=2+2u 2+21=1-pu 1-A=-1+u
ObtainA=—-3oru=5 Al
5 11 Al | Allow a=-3.667
Obtaina =——
3
State that the point of intersection has position vector Al | Allow coordinate form (12, — 4, 4)
12i—4j + 4k
5
(b) Use correct process for finding the scalar product of direction Ml |(a,2,-1).(2,-1,1)=2a-2-1 or 2a-3
vectors for the two lines
Using the correct process for the moduli, divide the scalar *M1
product by the product of the moduli and equate the result to
+1
6
State a correct equation in @ in any form, Al ‘
2a-2-1 1
g ———mx=%—
J6 (a’2 + 5) 6
Solve for a So erm quadratic for @ having expanded (2a — 3)* to
3 terms e.g.
a—3)2=6(a’+5) 138a° —432a+294=0
3 —72a+49=0 (23a—49) (@a—1)=0
Obtaina =1
All =213
Obtain =+ o
23
(b) Alternative method for question 11(b)
cos(@) = [|a> + 22+ (=122 + | 22+ (-1)* + 132 M1 | Use of cosine rule. Must be correct vectors.

—l(a-27+ 3+ (PP (2l + 2+ (o +1

*M1 | Allow M1* here for any two vectors

1
Equate the result to +—
a P Al

Solve for a DM1 | Solve 3-term quadratic for @ having expanded (2a — 3)* to
produce 3 terms e.g.
36(2a—3)*=6(a"+5) 138a° —432a+294=0

23— 72a+49=0 (23a—49) (a—1)=0

Al

o Al | Allow a=2.13
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Answer Mark Partial Marks
(a) 2 2 B1 | Or equivalent seen or implied
Obtain 4B =| -2 |and CD=| 1
-4 1
Use the correct process for calculating the modulus of both vectors to M1 | 45=.24,cD=1/6
obtain 4B and CD
Using exact values, verify that 4B =2CD Al | Obtain given statement from correct work
Allow from B4 =2DC, OE
3
(b) Use the correct process to calculate the scalar product of the relevant M1 2 2 2 4
vectors (their ABand CD ) 2 {and| 1 for| -2 |and| 2
—4 1 —4 2
Divide the scalar product by the product of the moduli and evaluate the M1
inverse cosine of the result
Obtain answer 99.6° (or 1.74 radians) or better Al | Do not ISW if go on to sul 180°
(99.594...,1.738..)
3
(c) State correct vector equations for AB and CD in any form, Bift
2 2 1 2
eg (r=)1|+A| -2 |and(r=)[ 1 |+ 1
5 —4 2 1
Equate at least two pairs of components of their lines and solve for 4 or
for u
Obtain correct pair of values from correct equations Alternatives when taking A or B as point on line
A | A i B | i u
17 7 17 7
. _1 1 IR BT _1 2 Ll
3 s |3 373 I 3 31 3773
ik | 1 1 |022 |ik|-% |0 [0=22
jk|3 |35 |jk|3 |4|5=-5
Verify that all three e t satisfied and that the lines do not Al | CWO with conclusion
intersect 17 7 17 7. . . .
eg —#— or —=— isinconsistent or equivalent
3 3 303
4

0‘,‘
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Answer Mark Partial Marks
(63} State or imply a correct normal vector to either plane, e.g. B1
2i+3j-kori-2j+k
Carry out correct process for evaluating the scalar product of two normal vectors M1
Using the correct process for the moduli, divide the scalar product of the two normal vectors by M1
the product of their moduli and evaluate the inverse cosine of the result
Obtain answer 56.9° or 0.994 radians Al
4
(ii) EITHER: Carry out a complete strategy for finding a point on the line (call the line /) M1
Obtain such a point, e.g. (1, 1, 4) Al
EITHER: State a correct equation for a direction vector @i + bj + ck for /, B1
eg 2a+3b—c=0
State a second equation, e.g. a —2b+c¢c=0,
and solve for one ratio, e.g. a : b
Obtaina :b:c=1:-3:-7, or equivalent
State a correct answer, e.g.
r=i+j+4k+Ai-3j-7K)
OR1: Attempt to calculate the vector product of the two normal vectors 0 '.
Obtain two correct components .
Obtain i — 3j — 7k, or equivalent
State a correct answer, e.g.
r=i+j+4k+A(i-3j— 7k), or equivalent
(ii) OR2: Obtain a second point on / e.g. (0, 4, 11) B1
Subtract position vectors and obtai M1
Obtain i — 3j — 7Kk, or equivalen Al
State a correct answer, e.g. L i—3j — 7k), or equivalent Al
M1
Al
M1
Al
M1
1, e.g. r=4j + 11k + A>i — 3j — 7k), or equivalent Al
4 6
X4
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Answer Mark Partial Marks
OR4: Express one variable in terms of a second M1
Obtain a correct simplified expression, e.g. Al
Ay
3 3
Express the same variable in terms of the third M1
Obtain a correct simplified expression, e.g. Al
11 z
X=—-=
7 17
Form a vector equation for the line M1
Obtain a correct answer, e.g. Al
r = 4j + 11k +u(i — 3j — 7K), or equivalent
6

Q”Q
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Answer Mark Partial Marks

6] Obtain a vector parallel to the plane, e.g. CE=2i+ j B1

Use scalar product to obtain an equation in a, b, ¢, Ml |eg2a+b=0,a+5c=0,a+b-5c=0

Obtain two correct equations in a, &, ¢ Al

Solve to obtamm a : b : ¢, M1 | or equivalent

Obtaina:b:c=5:-10:-1, Al | or equivalent

Obtain equation 5x—10y —z=-25, Al | or equivalent

Alternative method 1

Obtain a vector parallel to the plane, e.g. CD=i+5k Bl| gp-—j —j+5k

Obtain a second such vector and calculate their M1

vector product, e.g. (2i+ j)x(i+5k)

Obtain two correct components Al

Obtain correct answer, e.g. 5i — 10j —k Al

Substitute to find d M1

Obtain equation 5x—10y —z=-25, Al | or equivalent

(1) Alternative method 2

Obtain a vector parallel to the plane, e.g. DB= i+j—5k Bl

Obtain a second such vector and form correctly a M1
2-parameter equation for the plane

State a correct equation, e.g.
r=3i+4j+i(i+5k)+u(i+j-5k)

State three equations in x, y, z, A and Al
Eliminate A and u M1
Obtain equation 5x—10y —z=-25 Al | or equivalent
Alternative method 3
B1
M1
Al
M1

Al | or equivalent

Al | or equivalent
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Answer Mark Partial Marks

(1) Alternative method 4

Substitute for B and C and obtain 3a +4b =d and B1

a+3b=d

Solve to obtaina : b : d M2 | or equivalent

Obtaina:b:d=1:-2:-5 Al | or equivalent

Substitute for C to obtain ¢ M1

Obtain equation 5x—10y —z=-25 Al | or equivalent

6

(i) State or imply a normal vector for the plane OABC is k B1

Carry out correct process for evaluating a scalar product of two
relevant vectors, e.g. (5i — 10j — K).(k)

M1 | i.e. correct process using k and their normal

Using the correct process for calculating the moduli, divide the
scalar product by the product of the moduli and evaluate the inverse
cosine of the result

M1 | Allow M1M1 for clear use of an incorrect vector that has been
stated to be the normal to O4BC

Obtain answer 84.9° or 1.48 radians

Al

255. 9709_s19_ MS_32 Q: 9

Answer

‘\
Mar ( Partial Marks

Carry out correct method for finding a vector equation for AB

Obtain (1‘ :)i +2j-k+ /?.(Zifj + ZR) , or equivalent

Equate two pairs of components of general points on their AB and /
and solve for A or fory

Obtain correct answer for A or g, e.g. A=0, u=-1

M1 1+24 2+

(i) “s l‘imply
®

Verify that all three equations are not satisfied
intersect (# is sufficient justification e.g. 2
Conclusion needs to follow correct values

2-4 |=| l+pu
-1+24 1+2u
Al
e 1 to Al | Alternatives
A i i B| 4 u
i |2 1 5 — 1 5
AV IR VA ESE
3 3 3 3
ik | 0 -1 | 2=0 -1 -1 1220
jk |1 0 32 0 0 3z2
5
B1

+2z=d and find 4

Substitute in

M1 | Correct use of their direction for AB and their midpoint

Obtain plane equation 4x — 2y +4z =15

Al 2

5
or equivalente.g. r.| —1 :E
2

Substitute components of / in plane equation and solve for u

M1 | Correct use of their plane equation.

. 1 . 3,1 .
Obtain i = 75 and position vector Ei + Ej for the point P

Al | Final answer
Accept coordinates in place of position vector
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Answer Mark Partial Marks
® Find ITQ' for a general point Q on /, e.g. —31+6K+ 4 2i—j *Qk) Bl
Calculate scalar product of FQ and a direction vector for / and equate the result to M1
zero
Solve for 4 and obtain =2 Al
Carry out a complete method for finding the length of P;Q' M1
Obtain answer 3 Al
Alternative method for question 10(i)
Calling the point (1, 2, 3) 4, state 4P (or P4) in component form, e.g. 3i — 6k B1
US? a scalar product with a direction vector for / to find the projection of 4P (or ﬁ) M1
on
Obtain correct answer in any form, e.g. 18
Ny
Use Pythagoras to find the perpendicular
Obtain answer 3
63} Alternative method for question 10(i)
State AP (or E@ in component form
Calculate a vector product with a direction vector for /
Obtain correct answer, e.g. 6i — 6j — 3k
Divide modulus of the product by that of the direction vector
Obtain answer 3 Al
5
(ii) Substitute coordinates of a general point of 7 in the and equate constant M1
terms
Obtain a correct equation, e.g. a +2b+ 6= Al
Equate the coefficient of 4 to zero M1
Obtain a correct equation, e Al
Substitute (1, 2, 3) i M1
Obtain a correct Al
tain an equation in a and/or b M1
Al
t of a direction vector for 7 and a vector normal for the plane to M1
zero
Obtain a correct equation, e.g. 2a—b—4=0 Al
Solve for @ or for & M1
Obtaina=3 and b=2 Al
6
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Answer Mark Partial Marks

[6)] Express general point of / or m in component form Bl

eg (@+A4,2-20,3+30)or Q+2u, 1 —pu,2+p)

Equate at least two pairs of corresponding components and solve for A or for u M1

Obtain either A=—2oru=-3 Al

or A:%a or :%afl
or 1 :l(a74) or u :l(Sa -7)
5 5
Obtaina=-6 Al
4

(ii) Use scalar product to obtain a relevant equation in @, band ¢, e.g. « —2b + 3¢ =0 B1

Obtain a second equation, e.g. 2a — b + ¢ = 0 and solve for one ratio M1

Obtaina:b:c=1:5:3 Al | OE

Substitute a relevant point and values of a, b, ¢ in general equation and find & M1

Obtain correct answer x + 5y + 3z =13 AIFT on @ from part (i), if used

Alternative method for question 7(ii)

Attempt to calculate vector product of relevant vectors, ~2j+3k).(2i—j+k)

Obtain two correct components

Obtain correct answer, e.g. i + 5j + 3k

Substitute a relevant point and find d

Obtain correct answer x + 5y +3z=13 AI1FT | OE. The FT is on a from part (i), if used
(ii) Alternative method for question 7(ii)

Using a relevant point and relevant vectors, form a 2-para the plane M1

State a correct equation, e.g. r =2i +j + 2k +i(i — 2j + 3k AIFT

State three correct equations in x, v, z, 4 and ¢ AIFT

Eliminate A and ¢ M1

Obtain correct answer x + 5y + 3z =13 AI1FT | OE. The FT is on @ from part (i), if used

5

*
&
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Answer Mark Partial Marks
(i) Substitute coordinates (5,2, —2)inx+4y—-8z=4d M1
Obtain plane equation x + 4y — 8z = 29, or equivalent Al
2
(ii) Attempt to use perpendicular formula to find perpendicular from (5, 2, — 2) to m M1
Obtain a correct unsimplified expression, e.g. Sr8r16-2 Al
(1+16+64)
Obtain answer 3 Al
Alternative method 1 for question 7(ii)
State or imply perpendicular from O to m is % or from Otonis 27’9 Bl
Find difference in perpendiculars M1
Obtain answer 3 Al
Alternative method 2 for question 7(ii)
Obtain correct parameter value, or position vector or coordinates of the foot of the
perpendicular from (5, 2, —2) to m, e.g. u = i%; (%, %%) ‘
Calculate the length of the perpendicular 1
Obtain answer 3 B1
3
(iii) Calling the direction vector @i + bj + ¢k, use a scalar product to for clevant B1
equationina, b and c,e.g.a+4b—8c=0o0r5a+2b-2z=0
Solve two relevant equations for theratioa : b : ¢ M1
Obtaina:b:c=4:-19:-9 Al | OE
State answer = 5i + 2j — 2k + A(4i — 19j — 9K), Al | OE
Alternative method for question 7(iii) A
Attempt to calculate vector produc w ant vectors, e.g. (i + 4j — 8k)=(5i + M1
2ji-2k)
Obtain two correct ¢ Al
Al | OE
(41— 19] - 9K) Al | OE
4
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Answer Mark
6] Express general point of / in component form, e.g. B1
r=(4+ p)i+(3+2u)j+(-1-2u)k, or equivalent
NB: Calling the vector a + u b, the Bl is earned by a correct reduction of the sum
to a single vector or by expressing the substitution as a distributed sum a.n + gb.n
Substitute in given equation of p and solve for u M1
Obtain final answer 2i — j + 3k from g =-2 Al
3
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(i1) Using the correct process, evaluate the scalar product of a direction vector for / and M1
a normal for p
Using the correct process for the moduli, divide the scalar product by the product of M1
the moduli and find the inverse sine or cosine of the result
Obtain answer 10.3° (or 0.179 radians) Al
3
(ii1) EITHER: Statea+2b—2c¢=0o0r2a—-3b—c=0 (B1
Obtain two relevant equations and solve for one M1
ratio, e.g. a : h
Obtaina :b:c=8:3:7, or equivalent Al
Substitute a, b, ¢ and given point and evaluate d M1
Obtain answer 8x + 3y +7z=15 Vs Al)
OR1: Attempt to calculate vector product of rcleva* M1
vectors, e.g. (2i—3j—kyx(i+2j—-2
Obtain two correct components of t Al
Obtain correct product, ¢.g. 8i Al
Use the product and t to find d M1
Obtain answer 8x =5, or equivalent Al)
OR2: Attempt to fi rameter equation with o1
relevant v
equation, e.g. Al
K+A0+2j—-2K) + ¢ 2i—3j-Kk)
equations inx, y, z, 1l and ¢ Al
D 4
inate 4 and M1
Y X3 :’ H
: State answer 8x + 3y + 7z =35, or equivalent Al)
5
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Answer Mark

(@ EITHER: Find @ (or QTD) for a general point Qon/, e.g. B1

(T+p)i+(4+2u)j+(4+3u)k
Calculate the scalar product of @ and a direction vector for / M1

and equate to zero

Solve and obtain correct solution e.g. :—% Al
Carry out method to calculate PQ M1
Obtain answer 1.22 Al
OR1:  Find @ (or Q—P) for a general point Q on / @ B1
Use a correct method to express PO’ (or PQ) in ter.ms Mi
Obtain a correct expression in any form Al
Carry out a complete method for finding it: M1
Obtain answer 1.22 Al
OR2: Calling (4, 2, 5) 4, state PA Or / omponent form, e.g. i +4j + 4k Bl
Use a scalar product to find the pio ction of P4 (or ﬁ) on/ M1
Obtain correct answe 70 4 , Or equivalent Al
e perpendicular M1
Al
T E) in component form B1
vector product of PA and a direction vector for / M1
¢ correct answer, €.g. 4i + j — 2k Al
Divide modulus of the product by that of the direction vector M1
Obtain answer 1.22 Al
5
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Answer Mark

(i1) EITHER: Use scalar product to obtain a relevant equation in @, » and ¢, B1

eg.a+2b+3c=0

Obtain a second relevant equation, €.g. using PA a+4b+4c=0, M1

and solve for one ratio

Obtaina:b:c=4:1:-2, or equivalent Al

Substitute a relevant point and values of a, b, ¢ in general equation M1

and find d

Obtain correct answer, 4x + y — 2z = 8, or equivalent Al

OR1:  Attempt to calculate vector product of relevant vectors, e.g. M1

(i+4j+4k) x (i+2j+3k)

Obtain two correct components Al

Obtain correct answer, e.g. 4i +j — 2k Al

Substitute a relevant point and find d M1

Obtain correct answer, 4x +y — 2z = 8, or equi Al

OR2:  Using a relevant point and relevant vect 2-parameter M1

equation for the plane

State a correct equation, e.g. Al
r=4i+2j+5k+ A(i+4j I@ 2j +3k)

WV, z, Aand u Al

M1

4x +y—2z= 8, or equivalent Al

5
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Answer Mark Partial Marks
[6)) Equate at least two pairs of components and solve for s or for ¢ M1 P =2
3 s=—6 5
r:—?5 or 17:—1; or t—‘TB
5ol - 6,8
73 575
Obtain correct answer forsorf, e.g. s =—6,1=-11 Al
Verify that all three equations are not satisfied and the lines fail Al
to intersect
State that the lines are not parallel Bl
4
(ii) EITHER: Use scalar product to obtain a relevant B1
equationina, band ¢, e.g. 2a+3b—¢c=0
Obtain a second equation, ¢.g. a +2b +c=0, M1
and solve for one ratio, e.g. a : b
Obtain a : b : ¢ and state correct answer, e.g. Al
5i—3j + k, or equivalent
OR: Attempt to calculate vector product of M1
relevant vectors, e.g. (2i +3j — k)x(i + 2j + k) ‘
Obtain two correct components Al
Obtain correct answer, e.g. 5i—3j + k
Answer Partial Marks
(111) EITHER: State position vector or coordinates of the B1 | OR: Use the result of (ii) to form equations of planes containing
mid-point of a line segment joining points land m Bl
3 5
andm, e.g. —i+j+—k
€ 2 J 2
Use the result of (ii) and the mid-poin M1 | Use average of distances to find equation of p. M1
find d
Al | Obtain answer S5x — 3y + z =7, or equivalent Al
OR: Using the result o ] M1
in d by equati distances to
and a point on m
. 14-d| _|-d Al
btain answer 5x — 3y +z = Al
3
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Answer Mark
6 Carry out a correct method for finding a vector equation for 48 M1
Obtain r =2i + j +3k +A(2i — 2Kk), or equivalent Al
Equate pair(s) of components 4B and / and solve for A or u Mil(dep™)
Obtain correct answer for A or u Al
Verify that all three component equations are not satisfied Al
Total: 5
(i1) State or imply a direction vector for 4P has components B1
2+8,5+2t,—3-20
State or imply that cos 120° equals the scalar product of AP and 4B % the M1
product of their moduli
Carry out the correct processes for finding the scalar produt*‘ roduct of the M1
moduli in terms of #, and obtain an equation in terms of ¢
Obtain the given equation correctly Al
Solve the quadratic and use a root to find a posi or for P M1
Obtain position vector 2i + 2j + 4k fi; m@, aving rejected the root ¥ = —% Al
Total: 6
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Answer Mark Partial Marks
(i) EITHER: Expand scalar product of a normal to 71 and a direction vector of / M1
Verify scalar product is zero Al
Verify that one point of / does not lie in the plane Al
OR: Substitute coordinates of a general point of / in the equation of the plane m M1
Obtain correct equation in 4 in any form Al
Verify that the equation is not satisfied for any value of A Al
3
(ii) Use correct method to evaluate a scalar product of normal vectors to m and n M1
Using the correct process for the moduli, divide the scalar product by the product of the M1
moduli and evaluate the inverse cosine of the result
Obtain answer 74.5° or 1.30 radians
(ii1) EITHER: Using the components of a general point P of / form an equation in A by
equating the perpendicular distance from 7 to 2
OR: Take a point Q on /, e.g. (5, 3, 3) and form an equation in / by equating the
length of the projection of OP onto a normal to plane # to 2
Obtain a correct modular or non-modular equation in any form
Solve for A and obtain a position vector for P, e.g. 7i + 5j + 7j from A =3
Obtain position vector of the second point, e.g. 3i+j—kfromi=-1 Al
4

264. 9709 w18 MS_32 Q: 10

Answer Mark Partial Marks
(i) Substitute for r and expand the scalar product, MI* | eg 3(5+4]+(73721)+(71+1):5 (21:5711)
int or 3(4+2)+1(=5-24)+(-1+2) =0
Must attempt to deal with i+ 2j
Solve a linear equation for MIl(dep*)
Obtain 2 =- 3 and p A= 2i +3j — 4k for 4 Al | Accept coordinates
3
(i1) pis 3i+j+k, or equivalent B1
a scalar product of relevant vectors M1
ess for calculating the moduli, divide the M1 2
sgalar prod_uc v the product of the moduli and evaluate the inverse cos6= m
sine or cosine of the result Second M1 available if working with the wrong vectors
Obtain answer 14.3° or 0.249 radians A1l | Or better

o gPapaCambridge



“ JPPapaCambridge

APPENDIX A. ANSWERS

Answer Mark Partial Marks
(ii) Alternative 1
Use of a point on / and Cartesian equation 3x + y+z =5 to find Mi1
distance of point from plane e.g. B(5,-3.-1)
4= bos
04141
6 (=
=& (=1.809..) Al
M1
Complete method to find angle e.g. sing= %
o sin 6 0,249 Al | Or better
=sin” | ——— [=0.
Vinysa
Alternative 2
State or imply a normal vector of p is 3i + j + k, or equivalent Bl
Use correct method to evaluate a vector product of relevant vectors M1 | 3i-2j+7k
eg (i-2j +KxGi+j+k)
Using the correct process for calculating the moduli, divide the M1 [z 22
7 3T +2°+7
vector product by the product of the moduli and evaluate the inverse simg="= =1
sine or cosine of the result \/ﬁ\/g \ y
Second M1 availab g with the wrong vectors
Obtain answer 14.3° or 0.249 radians Al | Or better
4

Answer Partial Marks

(iii) Taking the direction vector of the line to be ai + &j + ck , state a
relevant equationina, b, c,e.g. 3a+b+c=0

State a second relevant equation, e.g. a — 25 + ¢ = 0, and solve for
one ratio, e.g. @ : b

Obtaing : b:¢=3:-2:-7, or equivalent

State answer r = 2i + 3j —4k + u (3i —2j— 7k) Alft | Or equivalent. The fit. is on ry Requires ‘r=....

Alternative

Attempt to calculate the vector product of relevan M1

Gi+tj+k)x({i-2j+k)

Obtain two correct components of the pré Al
Al

Alft | Or equivalent. The f.t. is on ra Requires “r=....
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Answer Mark
@) Verify that the point with position vector i+ 2j—3k lies in the plane B1
EITHER:
Find a second point on / and substitute its coordinates in the equation of p (M1
Verify that the second point, e.g. (3, 1, — 2), lies in the plane Al)
OR:
Expand scalar product of a normal to p and the direction vector of / 1
Verify scalar product is zero Al)
1 3
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Answer Mark
(ii) EITHER:
Use scalar product to obtain a relevant equationina ,band ¢, e.g. 2a—b+c=0 (B1
Obtain a second relevant equation, e.g. 3a +b —5¢ =0, and solve for one ratio M1
eg.a:b
Obtaina :b:c=4:13:5, or equivalent Al
Substitute (3, — 1, 2) and the values of @, & and ¢ in the general equation and find d M1
Obtain answer 4x+13y+5z=9, or equivalent Al)
OR1:
Attempt to calculate vector product of relevant vectors, e.g. (M1
(2i—j+k)xGi+j—5k)
Obtain two correct components Al
Obtain correct answer, e.g. 4i+13j+5k Al
Substitute (3,— 1, 2) in 4x+13y +5z =d , or equivalent, M1
Obtain answer 4x+13y+5z =9, or equivalent Al)
OR2:
Using the relevant point and releva a 2-parameter equation for the (M1
plane
State a correct equation, €.g. LZ8i k+AQ2i-j+k)+ u(3i+j—5k) Al
State three correct equati Vv, z, Aand Al
Eliminate A and M1
+13y+52z=9, or equivalent Al)
’? nt point and relevant vectors form a determinant equation for the M1
* ®
.
x=3 y+1 z-2 Al
State a correct equation, e.g.| 2 -1 1 ]=0
3 1 -5
Attempt to expand the determinant M1
Obtain or imply two correct cofactors Al
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Answer Mark
Obtain answer 4x+13y+5z =9, or equivalent Al)
Total: 5
266. 9709 s17_MS 31 Q: 6
Answer Mark
) State or obtain coordinates (1, 2, 1) for the mid-point of 4B B1
Verify that the midpoint lies on m B1
State or imply a correct normal vector to the plane, e.g. 2i+2j—k B1
State or imply a direction vector for the segment AB, e.g. —4i —4j+2 6 B1
Confirm that m is perpendicular to 4B B1
Total: 5
(1) State or imply that the perpendicular distance of m Tigin is% , Or B1
unsimplified equivalent
State or imply that » has an equation of the +2v—z=k B1
Obtain answer 2x+2y—z =2 B1
@ Total: 3
267. 9709 s17 MS 32 Q: 9
Answer Mark
@)
1 point P on / with parameter 4, e.g.(8 +34, -3 - 4,4 +24) (B1
| o —
" uct of AP and direction vector of / to zero and solve for 4 M1
Obtain A = f% and foot of perpendicular %i + % j+3k Al
Carry out a complete method for finding the position vector of the reflection of 4 in / M1
Obtain answer 2i+ j+2k Al)
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Answer Mark

OR: (B1
Find 4P for a general point P on / with parameter 4, e.g.(8 + 34, -3 — 1, 4 +2.4)

Differentiate |47 IZ and solve for A at minimum M

Obtain 4 = —% and foot of perpendicular %i + % j+3k Al

Carry out a complete method for finding the position vector of the reflection of 4 in/ M1

Obtain answer 2i + j+ 2k Al)

Total: 5

(i) EITHER: (B1
Use scalar product to obtain an equation ina, b and c,e.g. 3a —b+2c =0

Form a second relevant equation, e.g. 9a — b + 8¢ = 0 and solve for one rati M1

Obtain final answera : b:¢=1:1:— 1 and state plane equation x + Al)

OR1:
Attempt to calculate vector product of two relevant vectors, e

M1
(312§ +2K) x (91— j+ 8k)

Obtain two correct components Al
Obtain correct answer, e.g. —6i —6j+ 6k , and sta uation —x—y+z=0 Al)
OR2: m1
Using a relevant point and relevant v t to form a 2-parameter equation for the
plane, e_g_l‘:6l+6k+s(317‘|+2k) k)
Al
x+y-z=0 , or equivalent Al)
OR3: M1
Using are and relevant vectors, attempt to form a determinant equation for the
1 z—4
2 |=0
8
&
t determinant and obtain two correct cofactors Al
Obtain answer —6x —6y + 6z =0, or equivalent Al)
Total: 3
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Answer Mark
(iif) EITHER: 1
Using the correct processes, divide the scalar product of 04 and a normal to the plane by the
modulus of the normal or make a recognisable attempt to apply the perpendicular formula
. Lo 1+2-4 . A1FT
Obtain a correct expression in any form, e.g. ———————, or equivalent
% +17 +(-1)%)
Obtain answer l/ 3 , or exact equivalent Al)
ORI: (B1FT
Obtain equation of the parallel plane through 4, e.g. x +y—z=-1
[The fit. is on the plane found in part (ii).]
Use correct method to find its distance from the origin M1
Obtain answer 1/ 3, or exact equivalent Al)
OR2: (B1FT
Form equation for the intersection of the perpendicular through
[FT on their n]
Solve for 1 9 M1
1 Al)
inl=—
-
Total: 3
268. 9709 _s17_MS_33 Q: 10 0
€ -
Answer Mark
L4 . _
(1) Carry out ethiod for finding a vector equation for AB M1
k+Z(2i+3j—k), or equivalent Al
*@ E s of components of general points on 4B and / and solve for A or for M1
*
| o -
.
correct answer for Aor g, e.g. A=3 or u=2 Al
Obtain m =3 Al
Total: 5
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Answer Mark

(i1) EITHER: (B1

Use scalar product to obtain an equationin a,bandc, e.g. a—2b—4c=0

Form a second relevant equation, e.g. 2a + 3b —c =0 and solve for one ratio, ¢.g. a M1

b

Obtain final answera :b:¢c=14:-7:7 Al

Use coordinates of a relevant point and values of a, b and ¢ and find d M1

Obtain answer 14x— 7y + 7z =42 | or equivalent Al)

OR I:

Attempt to calculate the vector product of relevant vectors, e.g. o1

(i-2j—4K)x(2i+3j-k)

Obtain two correct components Al
Obtain correct answer, e.g. 14i —7j+ 7k Al
Substitute coordinates of a relevant point in 14x — 7y +7z =d, or equivalent, and M1
find d
Obtain answer 14x—7y+7z=42, or equivalent Al)
OR 2:
Using a relevant point and relevanf vectors, form a 2—parameter equation for the o
plane

State a correct equation, e.g! 2j+2k+s(i72jf4k)+t(2i+3j7k) Al

State 3 correct equati v, z,sand t Al
Eliminate s M1
Obtain/answer y+z=06, or equivalent Al)
M1
’? elevant point and relevant vectors, form a determinant equation for the
@ pla
L 4

x=1y+2 z-1 Al

State a correct equation,e.g. | 1 -2 —4(=0

2 3 -1

Attempt to expand the determinant M1
Obtain or imply two correct cofactors Al
Obtain answer 14x—7y+7z =42, or equivalent Al)
Total: 5
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269. 9709 w17 MS 31 Q: 10
Answer Mark
) Equate at least two pairs of components of general points on / and m and solve for 4 M1
or for u
Obtain correct answer for Aor g, e.g. A=3oru=-2; A=0 or u=—1;or Al
A=3 orpu=-1
Verify that not all three pairs of equations are satisfied and that the lines fail to Al
intersect
3
(ii) Carry out correct process for evaluating scalar product of direction vectors for / and m *M1
Using the correct process for the moduli, divide the scalar product by the preduct of DM1
the moduli and evaluate the inverse cosine of the result
Obtain answer 45° or 47 (0.785) radians Al
3
(iii) EITHER: Use scalar product to obtain a relevant equation in a, 5 and ¢, e.g. B1
—a+b+4c=0
Obtain a second equation, e.g. 2a.+b=2c= 0 and solve for one ratio, M1
eg.a:b
Obtaina:b:c=2:-2:1,0r equivalent Al
Substitute (3, -2, — lues of a, b and ¢ in general equation and find & M1
Obtain answe +z =9, or equivalent Al
OR1: Atte ate vector product of relevant vectors, e.g (M1
i )% (2i + j— 2k)
Obtain two correct components Al
N btain correct answer, e.g. —6i+6j—3k Al
¢
A ubstitute (3, -2, -1) in —6x+ 6y —3z=4d , or equivalent, and find d M1
Obtain answer —2x+ 2y —z =-9, or equivalent Al)
OR2: Using the relevant point and relevant vectors, form a 2-parameter equation (M1
for the plane
State a correct equation, e.g. r=3i—-2j—k+ A(—i+ j+4k)+ 4(2i+ j—2k) Al
State three correct equations inx, y, z, A and Al
Eliminate A and M1
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270.

Answer Mark
Obtain answer 2x —2y+z =9, or equivalent Al)
OR3: Using the relevant point and relevant vectors, form a determinant equation (M1
for the plane
x—3 y+2 z+1 Al
State a correct equation, e.g.| —1 1 4 =0
2 1 -2
Attempt to expand the determinant M1
Obtain two correct cofactors Al
Obtain answer —2x+2y—z=-9, or equivalent Al)
7 :
, L/
9709 w17 MS 32 Q: 10
Answer Mark
(0 State or imply a correct normal vector to eithet plane, e.g. i+ j+3kor 2i—2j+k B1
Carry out correct process for evaluati lar product of two normal vectors M1
Using the correct process for th , divide the scalar product of the two M1
normals by the product of thei and evaluate the inverse cosine of the result
Obtain final answer 72. radians Al
4
(11) = 2 in both plane equations and solve for x or for z o
=3andz=1 Al)
Lx 3 e equation of the line of intersection of the planes
\ o4 :‘
* stitute y = 2 in line equation and solve for x or for z o1
Obtainx=3 andz=1 Al)
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Answer Mark

EITHER: Use scalar product to obtain an equationina, bandc,e.g.a+b+3c=0 (B1

Form a second relevant equation, e.g. 2a —2b + ¢ =0, and solve for one *M1

ratio,e.g. a: b

Obtain final answera :6:¢c=7:5: -4 Al

Use coordinates of 4 and values of a, » and ¢ in general equation and find DM1

d

Obtain answer 7x+ 5y —4z =27, or equivalent A1 FI)
OR1: Calculate the vector product of relevant vectors, e.g. *M1

(i+j+3k)x(2i—2j+k)

Obtain two correct components Al

Obtain correct answer, e.g. 7i+5j—4k Al

Substitute coordinates of 4 in plane equation wi rmal and find d DM1

Obtain answer 7x+5y —4z =27, or equiv. A1 FT)
OR?2: Using relevant vectors, form a two-pa Quation for the plane (*M1

State a correct equation, e.g. r =3i + A+ j+3K)+u(2i-2j+Kk) Al1FT

State 3 correct equations In x, ¥ and u A1FT

Eliminate 4 and u DM1
—4z =27, or equivalent A1FT)
vector of the line of intersection of the two planes as (*M1
ect components Al
orrect components Al
&
titute coordinates of 4 in plane equation with their normal and find d DM1
Obtain answer 7x+5y —4z =27, or equivalent A1FT)
7
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271. 9709 _ml16_MS 32 Q:8

Answer Mark
(i) EITHER: Substitute for r in the given equation of p and expand scalar product M1
Obtain equation in A in any correct form Al
Verify this is not satisfied for any value of 4 Al
OR1:  Substitute coordinates of a general point of / in the Cartesian equation of planep M1
Obtain equation in A in any correct form Al
Verify this is not satisfied for any value of 4 Al
OR2:  Expand scalar product of the normal to p and the direction vector of / M1
Verify scalar product is zero Al
Verify that one point of / does not lie in the plane Al
OR3:  Use correct method to find the perpendicular distance of a general point
of I from p M1
Obtain a correct unsimplified expression in terms of 4 Al
Show that the perpendicular distance is 5/ J6 ,or equivalent, for all 4 Al
OR4:  Use correct method to find the perpendicular distance of a particular point
of I from p M1
Show that the perpendicular distance is 5/+/6 , or equivalent Al

Show that the perpendicular distance of a second point is also 5 /a/6'or.
equivalent Al [3]

(i) EITHER: Calling the unknown direction vector ai+bj+ck state equation 2a+b+3c=0 Bl

State equation 2a—-b—c=0 B1
Solve for one ratio, e.g. a : b M1
Obtainratioa: b:c=1:4:-2, or equivalent Al
OR: Attempt to calculate the vector product of the.direction vector of / and the normal
vector of the plane p, e.g. (2i+ j+3k)&(2i~j—k) M2
Obtain two correct components of the product Al
Obtain answer 2i+ 8j—4k , or equivalent Al
Form line equation with rel ctors M1
Obtain answer r = 5i + 3j 1+ 4j—2k), or equivalent A1 [6]

Yo

*$
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272. 9709 _s16_MS_31 Q: 9
Answer Mark
(i) EITHER: Obtain a vector parallel to the plane, e.g. AB=i— 2j-3k B1
Use scalar product to obtain an equation ina, b,ce.g. a—2b—-3c=0,a+b—-c=0,
or 3b+2c=0 M1
State two correct equations Al
Solve to obtainratioa : b : ¢ M1
Obtaina:b:c=5:-2:3 Al
Obtain equation5x -2y +3z =5, or equivalent Al
OR1: Substitute for two points, e.g. 4 and B, and obtain a+3b+2c =d and
2a+b-c=d (B1
Substitute for another point, e.g. C, to obtain a third equation and eliminate one unknown
entirely from all three equations M1
Obtain two correct equations in three unknowns, e.g. in a, b, ¢ Al
Solve to obtain their ratio M1
Obtaina:b:c=5:-2:3,a:c:d=5:3:5a:b:d=5:-2:5orb:c:d=-2:3:5 Al
Obtain equation 5x — 2y + 3z= 5, or equivalent Al)
ORZ2: Obtain a vector parallel to the plane, e.g. AC=i+ j—k (B1
Obtain a second such vector and calculate their vector product, e.g.
(i-2j-3k)x(i+j—-k) M1
Obtain two correct components of the product Al
Obtain correct answer e.g. 5i —2j+3k Al
Substitute in 5x -2y +3z=d to find d M1
Obtain equation 5x—2y+3z =5, or equivalent Al)
OR3: Obtain a vector parallel to the plane, €.g. BE=3 ji+2k (B1
Obtain a second such vector and form tly a 2-parameter equation for the plane M1
Obtain a correct equation, €.g. r =i + A(1—-2j-3k) + u(3j+ 2k) Al
State three correct equations in x; Al
Eliminate A and M1
Obtain equation 3x -2 . @eq ivalent Al)
[6]
(ii) Correctly formman equation for the line through D parallel to O4 M1
Obafirfa co nation c.g. r=—-3i+ j+2k + A(i+3j+2k) Al
Substit}f?é com in the equation of the plane and solve for A M1
Obtain 41=2 sition vector —i+ 7+ 6k for P Al
Obtain the given answer correctly Al
[5]
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273. 9709 _s16_MS_32 Q: 9

Answer Mark

(i) Either state or imply AB or BC in component form, or state position vector of

midpoint of AC B1
Use a correct method for finding the position vector of D M1
Obtain answer 3i+3j+k, or equivalent Al

EITHER: Using the correct process for the moduli, compare lengths of a pair of
adjacent sides,

e.g. AB and BC M1

Show that ABCD has a pair of adjacent sides that are equal Al

OR: Calculate scalar product AC.BD or equivalent M1

Show that ABCD has perpendicular diagonals Al [5]
(i) EITHER: State a+2b+3c=00r 2a+b—2¢c=0 B1

Obtain two relevant equations and solve for one ratio, e.g. a : b M1

Obtaina: b:c=-7:8:-3, or equivalent Al

Substitute coordinates of a relevant point in —7x + 8y —3z = d, and evaluate M1

Obtain answer —7x + 8y —3z =29, or equivalent Al

OR1:Attempt to calculate vector product of relevant vectors,

e.g (i+2j+3k)x(2i+j-2k) M1
Obtain two correct components of the product Al
Obtain correct product, e.g. —7i +8j—3k Al
Substitute coordinates of a relevant point in#7x ¥8y= 3z = d and evaluate d M1
Obtain answer —7x +8y —3z =29 or equivalent; Al
OR2:Attempt to form a 2-parameter @1 with relevant vectors M1
State a correct equation, e.g. r = + A0 +2j+3k)+ p(2i+ j-2k) Al
State 3 equations in x, y, z, A Al
Eliminate A and M1
Obtain answer —7x+ , or equivalent Al

OR3:Using a relevant point and relevant direction vectors, form a determinant

equation fi plane M1
e 4
4 x=2 y=-5 z+1
State 3 correc n,eg | 1 2 3 |=0 Al
2 1 -2
Attempt to expand the determinant M1
Obtain correct values of two cofactors Al
Obtain answer —7x+8y —3z =29, or equivalent Al [5]
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274. 9709 s16 MS 33 Q: 8
Answer Mark
(i) State a correct equation for 4B in any form, e.g. r =i+ j+k + A(i—j+ 2k), or equivalent B1
Equate at least two pairs of components of AB and / and solve for A or for u M1
Obtain correct answer for A or for iz, e.g. A=—1or u=2 Al
Show that not all three equations are not satisfied and that the lines do not intersect Al
[4]
(il) EITHER: Find AP (orP—A) for a general point Pon /, e.g. (1— )i+ (-3+2u)j+(-2+ 1)k B1
Calculate the scalar product of AP and a direction vector for / and equate to zero M1
Solve and obtain x =2 Al
Carry out a method to calculate AP when =2 M1
. . 1
Obtain the given answer— correctly Al
V2
OR 1:Find AP (orPA)fora general point P on / (B1
Use correct method to express 4P (or AP) in terms of u M1
Obtain a correct expression in any form, e.g. (1 - ,u)2 +(-3+2 ,u)2 +=2+ /J)Z Al
Carry out a complete method for finding its minimum M1
Obtain the given answer correctly Al)
OR 2:Calling (2, -2, —1) C, state 4C(or CA)in compofientiform, e.g. i—3j— 2k (B1
Use a scalar product to find the projection of 4C((0r€Ayon / M1
Obtain correct answer in any form, e.g. = Al
Jo
Use Pythagoras to find the perpendicul M1
Obtain the given answer correctly Al)
OR 3:State A—C( or a) in co erm (B1
Calculate vector produ d a direction vector for /, e.g. (i—3j—2k)x (-i+2j+k) M1
Obtain correct answer in orm,e.g. i+j—k Al
Divide modulus of the product by that of the direction vector M1
Obtain the gi nswer correctly Al)
9 [5]

®
£ 4
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APPENDIX A. ANSWERS

Answer Mark
(i) | State or imply a correct normal vector to either plane, e.g. 3i+j—k or i—j+2k Bl
Use correct method to calculate their scalar product M1
Show value is zero and planes are perpendicular Al [3]
(ii) | EITHER: Carry out a complete strategy for finding a point on / the line of intersection M1
Obtain such a point, e.g. (0, 7, 5), (1, 0, 1), (5/4,-7/4, 0) Al
EITHER: State two equations for a direction vector ai +bj+ ck for /,
eg 3a+b—c=0and a-b+2c=0 B1
Solve for one ratio, e.g. a: b M1
Obtaina : b:c=1:-7: -4, or equivalent Al
State a correct answer, e.g. r=7j+ 5k + A(i—7j— 4k) Al
ORI1: Obtain a second point on /, e.g. (1, 0, 1) B1
Subtract vectors and obtain a direction vector for / M1
Obtain —i+ 7j+ 4k, or equivalent Al
State a correct answer, e.g. r =i+ k + A(—i+ 7j+4k) Al
OR2: Attempt to find the vector product of the two normal veetors M1
Obtain two correct components of the product Al
Obtain i—7j—4k, or equivalent Al
State a correct answer, e.g. r =7j+ 5k + L(i=7j=4k) Al
OR1: Express one variable in terms of a second variable M1
Obtain a correct simplified expression, e.g. y =7 = 7% Al
Express the third variable in terms of the seecond M1
Obtain a correct simplified expression, e@. z =5 — 4x Al
Form a vector equation for the line M1
Obtain a correct equation, e.g. k= 7J 5k A1 —7j—4k) Al
OR2: Express one variable in terms of a second variable M1
Obtain a correct simplifi ression, €.g. z=15—4x Al
Express the same variabl€ i s of the third M1
Obtain a correct si ression e.g. z=(7+4y)/7 Al
Form a vector e the line M1
Obtain a Leg r=2i-2j+ A(-ti+lj+k) Ald | [6]
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276. 9709 w16 MS 33 Q: 10
Answer Mark

@) Express general point of / in component forme.g. (1+24, 2—-4, 1+ 1) B1

Using the correct process for the modulus form an equation in A Mi*

Reduce the equation to a quadratic, e.g. 64% +21—4=0 Al

Solve for A (usual requirements for solution of a quadratic) DM1

Obtain final answers —i+3jandZi+2j+3k Al [5]
(ii) Using the correct process, find the scalar product of a direction vector for / and a

normal for p M1

Using the correct process for the moduli, divide the scalar product by the product

of the moduli and equate the result to 2 M1

State a correct equation in any form, e.g. Za—1+1 = ig Al

J@ 140322 +(-* +1) 3
Solve for & M1
Obtain answer a =+ 2 1 [5]
277.9709 s15_MS 31 Q: 6 X
Answer \ Mark
2
(i) Obtain £| —3 | as direction vector of /; Bl

-4
State that two direction vectors are not parallel B1
Express general point of /; or /, in compo fo g (24,1-34,5-44)
or (T+p,l+2u,1+5u) Bl
Equate at least two pairs of component, ve for A orfor u M1
Obtain correct answers for A and Al
Verify that all three component are not satisfied (with no errors seen) Al [6]

| 1
(ii) Carry out correct prg ating scalar productof |2 | and | 0 M1
5 0
Use correct proc ing modulus and evaluating inverse cosine M1
Obtaig ‘9 S Al 31
* 9
A g
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278. 9709 _s15_MS_32 Q: 10

Answer Mark
(i) Carry out a correct method for finding a vector equation for AB Ml
Obtain r =2i- j+3k + A(—i+2j+ 2Kk), or equivalent Al
Equate at least two pairs of components of general points on 48 and / and solve for A or
for u M1
. 4 3
Obtain correct answer for Lor g, eg. A=loru=0; A=—_—oru=";
5 5
1 3
or A=— orpu=—"- Al
4 2
Verify that not all three pairs of equations are satisfied and that the lines fail to intersect Al [5]
(ii) EITHER: Obtain a vector parallel to the plane and not parallel to /, e.g.i—2j+k Bl
Use scalar product to obtain an equation ina, band ¢, e.g. 3a+b—-c=0 Bl
Form a second relevant equation, e.g. a — 2b + ¢ = 0 and solve for one.zatio,
eg.a:b Ml

Obtain final answer a: b :c=1:4:7 Al
Use coordinates of a relevant point and values of a, b and ¢lin general equation

and find d Ml
Obtain answer x + 4y + 7z = 19, or equivalent Al
OR1: Obtain a vector parallel to the plane and not parallelto 7, e)g. i—2j+k BI
Obtain a second relevant vector parallel to thesplafi@andattempt to calculate
their vector product, e.g. (i—2j+k)x(3i+j—Kk) M1
Obtain two correct components Al
Obtain correct answer, e.g. i+4j+7k Al
Substitute coordinates of a relevant pomtinx + 4y + 7z = d, or equivalent,
and find d Ml
Obtain answer x + 4y + 7z = 19, or eguivalent Al
OR2: Obtain a vector parallel to lané and not parallel to /, e.g.i—2j+k BI
Using a relevant point an@ relevant vector, form a 2-parameter equation
for the plane M1
State a correct eq r=2i—j+3k+s(i-2j+k)+1(Bi+j-k) Al
State 3 corr smx,y,z,sand ¢ Al
Eliminate M1
Obtain ans + 4y + 7z =19, or equivalent Al
OR3: Using the coordinates of 4 and two points on /, state three simultaneous
ations ina, b, candd,e.g.a+b+2c=d,2a-b+3c=dand 4a+2b+c=d Bl
-® d find one ratio, e.g. a : b M1
9’6 correct ratio Al
¢ orrect ratio of three of the unknowns, e.g.a: b:c=1:4:7,
of'equivalent Al
Either use coordinates of a relevant point and the found ratio to find the fourth
unknown, e.g. d, or find theratioa: b:c:d Ml
Obtain answer x + 4y + 7z = 19, or equivalent Al
OR4: Obtain a vector parallel to the plane and not parallel to /, e.g.i—2j+k B1
Using a relevant point and second relevant vector, form a determinant equation
for the plane Ml
x-2 y+1 z-3
State a correct equation, e.g. | 1 —2 1 |=0 Al
3 1 -1
Attempt to expand the determinant M1
Obtain or imply two correct cofactors Al
Obtain answer x + 4y +7z =19, or equivalent Al |6]
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279. 9709 s15 MS_33 Q: 9
Answer Mark
(i) State or imply a correct normal vector to either plane, e.g. i +3j—2k,or 2i+ j+3k Bl
Carry out correct process for evaluating the scalar product of two normal vectors M1
Using the correct process for the moduli, divide the scalar product of the two normals by
the product of their moduli and evaluate the inverse cosine of the result M1
Obtain answer 85.9° or 1.50 radians Al 4
Answer Mark
(i) EITHER: Carry out a complete strategy for finding a point on / M1
Obtain such a point, e.g. (0, 2, 1) Al
EITHER: State two equations for a direction vector ai + bj+ ck for/,
eg.at+3b-2c=0
and2a+b+3¢=0 Bl
Solve for one ratio, e.g. a : b Ml
Obtaina:b:c=11:-7:-5 Al
State a correct answer, e.g. ¥ = 2j +k+ /1(1 li— Al
OR1: Obtain a second point on /, e. g B1
Subtract position vectors and obtam di vector for / M1
Obtain 22i — 14j— 10k , or equlvalen Al
State a correct answer, e.g. ¥ = 2j l— 14j —10Kk) Al
OR2: Attempt to find the vector pro the two normal vectors M1
Obtain two correct compo Al
Obtain 11i—7j— 5k 40 nt Al
State a correct answel r=2j+k+A(11i-7j-5k) Al
OR3: Express one variable in ter a Se M1
Obtain a correct simplified expression, e.g. x=(22—-11y)/7 Al
Express the same varigk @ ' M1
Obtain a correct sinaphif pression, e.g. x=(11-11z)/5 Al
Form a vect ation for the line M1
State a SWEer, e.g. r—2j+k+l(il7—1j%kj NG
OR4: Expr ble in terms of a second M1
* simplified expression, e.g. y=(22-7x)/11 Al
o :‘ Ex ird variable in terms of the second M1
* ect simplified expression, e.g. z=(11-5x)/11 Al
a vector equation for the line M1
State a correct answer, e.g. r =2j + k+l(i:—1j%kj Al 6

[The ¥ marks are dependent on all M marks being earned.]
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APPENDIX A. ANSWERS

Answer Mark
(i) Use correct method to form a vector equation for AB M1
Obtain a correct equation, e.g. r=i+2j+ A2i-2j+k)or r=3i+k + y¢(2i - 2j+k) Al [2]

(i) Using a direction vector for AB and a relevant point, obtain an equation for m in any form M1
Obtain answer 2x —2y +z = 4, or equivalent Al [2]

(iii) Express general point of 4B in component form, e.g. (1+24,2-24, 1) or

G+2u,—2u,1+ 1) B1
Substitute in equation of m and solve for 4 or for ¢ M1
Obtain final answer %i + %] + %k for the position vector of N, from A4 =% or u= —% Al
Carry out a correct method for finding CN M1
Obtain the given answer V13 Al [5]

[The f.t. is on the direction vector for 4B.]

281. 9709 w15 MS 33 Q: 8

Answer Mark
(i) Express a general point on the line in single component form,.e.g\ (4,2 —-34,-8+44),
substitute in equation of plane and solve for 4 M1
Obtain A =3 Al
Obtain (3, -7, 4) Al [3]
(ii) State or imply normal vector to plane is 4i=j + 5k B1
Carry out process for evaluating scalar product.of two relevant vectors M1
Using the correct process for the moduli, divide the scalar product by the product
of the moduli and evaluate sin™" or f the result. M1
Obtain 54.8° or 0.956 radians Q Al [4]
(iii) Either Find at least o C by translating by appropriate multiple
of directio j 4k from 4 or B M1
Obtain (-3, 20) Al
Obtain (9, —25,28) Al
@’? adratic equation in A by considering BC* = 44B* M1
". Ob 1564 -702=0 or equivalent and hence 1 =-3,4=9 Al
Obtain (-3,11, - 20) and (9, - 25,28) Al [3]

T"f"PapaCambridge



T‘:_']’PapaCambridge

685
282. 9709 s20 MS_31 Q:8
. Bl
@ State d_y = kL , or equivalent
dy xx
Separate variables correctly and attempt integration of at least one side M1
Obtain term In y, or equivalent Al
. . Al
Obtain term —ZkL , Or equivalent
Jx
. . . . . . - b M1
Use given coordinates to find & or a constant of integration ¢ in a solution containing terms of the form @ Iny and T . where
x
ab#0
Obtain k=1 and c=2 Al+ Al
. 2 . Al
Obtain final answer y=exp | ——=+ 2 |, or equivalent
Jx
8
(b) State that y approaches e? BIFT
(FT their c in part (a) of the correct form)
1
283. 9709 s20 MS_32 Q: 7 a
Separate variables correctly and integrate at least one side Bl
Obtain term In(y—1) Bl
M1
Carry out a relevant method to determine 4 and B s = A + B
x+3) x+1 x+3
Al
Obtain A=l and B=——
2 2
. 1 1 1 . A1FT
Integrate and obtain terms E]n(x +1 Eln(x +1)— Eln(x + 3). or equivalent +ALFT
(FT is on 4 and B)
its in a solution containing terms of the form a In(y— 1), b In(x + 1) and M1
Al
[3x+3J . Al
, oI equivalent
x+3
L o4 0
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APPENDIX A. ANSWERS

Bl
@ State or imply % =—kJh
Bl
State or imply % =2nrh —nh?® , or equivalent
dv _dv dh M1
Use —=—.—
dt  dh dt
Obtain the given answer correctly Al
4
(b) Separate variables and attempt integration of at least one side M1
4 3 93 A3,2,1,0
Obtain terms Er.h2 —gkz and —Bt
Use £=0, h=rto find a constant of integration ¢ M1
Uset=14. h=0to find B M1
. 14 2 1 Al
Obtain correct cand B, e.g. c=—r?,B=—1r?
15 15
3 3 Al
Obtain final answer r=14— ZO(ﬁjz + 6(ﬁ]2 , or equivalent ‘
r r
8
285. 9709 w20 MS_ 31 Q: 8
Answer rk Partial Marks

Separate variables correctly and attempt integration of at leas
one side

Bl 1-2x2dx

Obtain term In y

B1

Obtain terms Inx — x>

B1

Usex =1, y =1 to evaluat
containing at least

M1 | The 2 terms of required form must be from correct working
eg.lny=Ilnx—x*+1

Al

Al | OE
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687

Answer Mark Partial Marks
(a) Correct separation of variables Bl j‘ sec? 2xdy = J' edt
Needs correct structure
1 B1
Obtain term —56'3‘
Obtain term of the form % tan 2x M1 | From correct working
. 1 Al
Obtain term 5tan2x
Usex =0, t =0 to evaluate a constant, or as limits in a solution M1
containing terms of the form atan2x and be™", where ab # 0
Obtain correct solution in any form Al 1 a1
eg —tan2x=——e  +—
2 3
. 1 2 Al
Obtain final answer x =—tan™ (—(l —c’“))
2 3
7
() 1 (2 B1FT
State that x approaches EI.'m 3 0 ina solution
1
287. 9709 ml19 MS 32 Q: 6
Answer Mark Partial Marks
Separate variables correctly and attempt integration of at least one B1
B1
Obtain term —% , or equivalent
2y
Obtain term — &k e™ B1
Use a pair of limits, e.g. x=0,y=1 tion in & and an arbitrary constant ¢ M1
Use a second pair of 1i e , to obtain a second equation and solve for k or M1
fore
Al
Al
equivalent
7
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APPENDIX A. ANSWERS

289.

Answer Mark Partial Marks
@ Use chain rule M1 | kcos@sin™ 6’(: —kcoseczﬁ?cotﬁ)
Allow M1 for —2cosésin™' 8
Obtain correct answer in any form Al —2si
Y e.g. —2cosec’@cot @ , 72_°?50 Accept ZS@?CDSS
sin” 8 sin” &
2
(i) Separate variables correctly and integrate at least one side Bl | [xdv=]-cosec’Ocot@dd

B1

Obtain term %r’
. .
Obtain term of the form — Mi® | or equivalent
sin“@

Al ivalent

Obtain term _1 3 o equivaten
2sin-@
1 L . DM1 dent on th i
Usex=4, 8= E:r to evaluate a constant, or as limits, in a solution Dependent on the prece
with terms ax? and — , Where ab # 0
sin”@
Obtain solution x= (cusec29+ 12) Al | or equiv
9709 s19 MS_32 Q: 7
Answer Mark Partial Marks

Separate variables correctly and attempt integration of st on,

side

Bl | [ dy=[xedx

Obtain term —e™

B1 | B0OBI is possible

Commence integration by parts and reach

M1 | BOBOMI1AL is possible

Al | or equivalent

BIBIMIALI is available if there is no constant of integration

M1 | Must see this step

Al | go eV =" —xe”

Al 1

or equivalente.g. y=In m

ISW

(if)

Justify the given statement

B1 | e.g. require 1—x > 0 for the In term to exist, hence x <1
Must be considering the range of values of x, and must be

relevant to their y involving ln(l - x)

o gPapaCambridge
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290. 9709 s19 MS_33 Q: 5
Answer Mark Partial Marks
Separate variables correctly and integrate at least one side B1
Obtain term In(x+1) Bl
Obtain term of the form aln(y2+5) M1
Al
Obiain term %]n(yz +5)
Use y =2, x=0 to determine a constant, or as limits, in a solution containing terms M1
all(yl +5) and b]n(x+l) . Where ab # 0
Obtain correct solution in any form Al
Obtain final answer 1 :9(x+l)2 -5 Al
7
9709 w19 MS 31 Q: 4
Answer Mar| Partial Marks
® AV _ oo _
State; = ke N and show £ =-0.01 (-10=kx1x1000)
1
(ii) Separate variables correctly and integrate at least one side B1 _[ 1 v _[—().Ule g,
N
Obtain term In ¥ B1 | OE
Obtain term 0.5¢ 7" B1 | OE
Use N=1000, =0 to evaluate a constant, or as limits, in ith terms aln N M1
and be %  where ab £ 0
Obtain correct solution in any form Al 1
o0 1000 — = =6.41
e InN-In1000=0.5(™" -1) 2
Substitute N =800 and obtain 1 = Al
6
(iii) B1 | Accept 606 or 607 or 606.5
1
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292. 9709 w19 MS 32 Q: 6

Answer Mark Partial Marks
Separate variables correctly to obtainj ﬁdx :.[ cot %B do B I?;:;‘;";ﬁ’: islgigmnd&
Obtain term In(x+2) B1 | Modulus signs not needed.
Obain tem of the form Flusin 0 M
Al

Obtain term 2]_us'm%5

L M1 | Reach C= i decimal val
Usex=1, 0:%1: to evaluate a constant, or as limits, in an cac anl expression or a dec vaue

expression containing pln(x+2) and qlu(sin%@)

Obtain correct solution in any form Al | In12=2.4849..... Accept constant to at least 3 s.f.
e.g. ].u(x+2):2[nsin%6+]n12 Accept with lu3—2lu%

Remove logarithms and use correct double angle formula M1 +2 1-cosé
Need correct al; —_—
12 2
Obtain answer x=4—6cos8 Al
8

Q"’Q
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691

Answer Mark Partial Marks
i) Express general point of / in component form B1
eg (1+4,3-21,-2+3%)
Substitute in equation of p and solve for 4 M1
. 5. 5, _ 2 Al | OE
Obtain final answer ~i+> j from £ = = Accept 1.67i +1.67j or better
3
(ii) Use correct method to evaluate a scalar product of relevant vectors M1
e.g. (i—2j+3K).(2i+j - 3k)
Using the correct process for calculating the moduli, divide the M1 i
scalar product by the product of the moduli and evaluate the inverse |Sm 8‘ 1
sine or cosine of the result
Obtain answer 40.0° or 0.698 radians Al | AWRT
3
Alternative method for question 10(ii)
Use correct method to evaluate a vector product of relevant vectors M1
e.g. (i—2j+3K)x(2i+j - 3K)
Using the correct process for calculating the moduli, divide the M1 ‘i 15
modulus of the vector product by the product of the moduli of the cosf=
two vectors and evaluate the inverse sine or cosine of the result
Obtain answer 40.0° or 0.698 radians
(iii) Statea—2b+3c=00r2a +b—-3¢c=0 1
Obtain two relevant equations and solve for one ratio, Could use 2a + b — 3¢ =0 and
eg.a:b a+3b-2c=d
Sa+35p-
30+3 b=d
i.e. use two points on the line rather than the direction of the
line. The second M1 is not scored until they solve for d.
Obtaina:b:c=3:9:5 Al | OE
Substitute @, b, ¢ and a relevant point in the M1 | Using their calculated normal and a relevant point
evaluate d
Obtain answer 3x + 9y + 5z = Al | OE
M1
Al
Al
M1 | Using their calculated normal and a relevant point
Obtain answer 3x + 9y + 5z = 20, or equivalent Al | OE
(iii) Alternative method for question 10(iii)
Attempt to form a 2-parameter equation with relevant vectors M1
State a correct equation Al
e.g. T=i+3j—2k+Aii—2j+3K) +u2i+j-3Kk)
State 3 equations in x, y, z, A and u Al
Eliminate A and u M1
Obtain answer 3x + 9y + 5z =2 Al | OE
5
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APPENDIX A. ANSWERS

Answer Mark Partial Marks
(i) Separate variables correctly and integrate one side B1
Obtain term 0.2¢7, or equivalent B1
Carry out a relevant method to obtain 4 and B such that *M1 | OE
1 4 B
(20-x)(40—x) ~ 20—x 40—x
Obtain A= & andB= Al
20 20
Integrate and obtain terms —%lﬂ(ZO— x)+%]n(40 -x) OE +ﬁi£¥ TheFTis on A and 5
Use x = 10, # = 0 to evaluate a constant, or as limits DM1
Obtain correct answer in any form Al
" Al | OE
Obtain final answer x = 6064{ 40
3e™ -1
)
(ii) State that x approaches 20
@
295. 9709 ml18 MS 32 Q: 6
Ans Mark
(1) Show sufficient working to justi S tatement AG B1
1
(i1) Separate variables corre empt integration of at least one side B1
. 1 B1
Obtain term —x? 0
f+tand , or sec’+ tand B1+B1
| . . M1
Lx 3 tant, or use limits x = 1, § = — 7, in a solution with two terms of the
5 4
A btan® , where ab# 0
State correct answer in any form, Al
1 3
e.g. —x’ =tan’@+tanf ——
2 2
. 1 . Al
Substitute & = gfr and obtain x =2.54
7
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296. 9709 _s18 MS 31 Q: 6
Answer Mark
(1) Separate variables correctly and integrate at least one side B1
Obtain term In x B1
Obtain term — % kt\/;‘ , or equivalent B1
Evaluate a constant, or use limits x = 100 and 7 = 0, in a solution containing M1
terms a In x and bt\/;
Obtain correct solution in any form, e.g. lnx = 7%.’(’1\/; +1n100 Al
< 5
(i1) Substitute x = 80 and 7 = 25 to form equation in & M1
Substitute x = 40 and eliminate & M1
Obtain answer ¢ = 64.1 * Al
Q :
297. 9709 _s18 MS 32 Q: 3
Answer ark Partial Marks
(i) Fully justify the given statement B1 | Some indication of use of gradient of curve = gradient of tangent
@ (PT) and no errors seen /no incorrect statements
1

(ii) Separate variables and attempt integrati one side B1 B1 | Must be working from [ %dy =[kdx

Obtain terms In y and % x B marks are not available for fortuitously correct answers

t or as limits in a solution M1

Al | Iny=1x+ml3-2

Al Lisins-2 =
A(;n:epty:e2Jr+ Lv=e 2 y=3yet

|¥]=".. scores AD
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208. 9709 _s18_MS 33 Q: 6

Answer Mark
(1) Carry out relevant method to find 4 and B such that M1
1 A B
= +
4— y2 2+y 2—y
Al
Obtamm 4 =B = 1
4
Total: 2
(i1) Separate variables correctly and integrate at least one side to obtain one of the terms M1
alnx,bln(2+y)or cln(2-y)
Obtain term In x B1
6 AIFT

Integrate and obtain terms i]n(2 +) f%]n(Z -y)

Usex=1andy =1 to evaluate a constant, or as limits, in agolu taining at M1
least two terms of the forma lnx,bIn (2 +y)andcln (2 —

Obtain a correct solution in any form, e.g. 0 Al
1 1 1

Inx=—-In(2+y)-—In(2-y)—In3
Zn(2+y)-7n(2-y) -

Al

2(3x* 1)

Rearrange as————* , or equiva, @
(3x“ + 1) c

Total: 6

299. 9709 w18 MS 31 Q: 5

Answer Mark Partial Marks
integrate at least one side B1
B1
P B1+BI1
0 evaluate a constant, or as limits M1
Obtain correct solution in any form, e.g. Al

lnyzzlnxflx2 o1
2 2

5 1 1, . Al
Rearrange as y =x~ exp Efix , or equivalent
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300. 9709 w18 MS 32 Q: 6
Answer Mark Partial Marks
oy 32 . B1 | SC: If k=1 seen or implied give B0 and then allow B1B1BOMI,
State equation o =k — , or equivalent max 3/8.
x
Separate variables correctly and integrate at least one side B1 _[kdx J- 1 a
X a y2 y
Allow with incorrect value substituted for &
. 1 B1 + B1 | Incorrect & used scores max. B1B0
Obtain terms — — and kIn x
¥y
Use given coordinates correctly to find & and/or a constant of M1 | SC: If an incorrect method is used to find &, M1 is allowable for
integration C in an equation containing terms <, blnx and C a correct method to find C
. 1 . Al +A1 )
Obtain k= 3 and ¢ = — 1, or equivalent llmz =1 L A0 for fortuitous answers.
2 ¥
. . Al -1
Obtain answer y = , or equivalent, and ISW y=————
2-Inx “1+Invx
SC: MR of the fraction.
2
d_r Bl
de  «?
Separate varial inte; B1
B1+B1
M1
Al+Al
A0

Q"’Q
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301. 9709 _s17_MS_31 Q:9

Answer Mark
i ) 1 4 B M1
o Carry out a relevant method to obtain 4 and B such that =—+ ,or
x(2x+3) x 2x+3
equivalent
Obtain 4 =1 and B=—% or equivalent Al
Total: 2
(11) Separate variables and integrate one side B1
Obtain term In y B1

Integrate and obtain terms $Inx —1In(2x + 3), or equivalent B2FT

Use x =1 and y = 1 to evaluate a constant, or as limits, in a so M1

alny, blnx, cln(2x +3)

Obtain correct solution in any form, e.g. Iny =1Inx— In5 Al

Obtain answer y = 1.29 (3s.f. only) Al
Total: 7
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302. 9709 _s17_MS 32 Q:5

Answer Mark

i d 2 . B1
@ State & = - » Or equivalent
dr (1+1)
Separate variables correctly and attempt integration of one side M1
Obtain term In y, or equivalent Al
. . Al
Obtain term % or equivalent

Use y =100 and ¢ = 0 to evaluate a constant, or as limits in an expression containing terms of M1

b
the form alny and —

1+1¢
2 @ Al

Obtain correct solution in any form, e.g. Iny= o 2+1n100
+

& Total: 6
(i) 100 . B1
State that the mass of B approaches ——, or exact equivale;
e ‘ b
State or imply that the mass of 4 tends to zero B1
Total: 2

?‘]'PapaCambridge
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303. 9709 _s17_MS 33 Q:8

Answer Mark
(i) Justify the given differential equation B1
Total: 1
(i1) Separate variables correctly and attempt to integrate one side B1
Obtain term kz, or equivalent B1
Obtain term —In(50 - x), or equivalent Bl
Evaluate a constant, or use limits x =0, =0 in a solution containing terms Mi1*

aln(50—x) and bt

Obtain solution —In(50—x) =k —In50, or equivalent Al
Use x=25, t=10 to determine & DM1
Obtain correct solution in any form, e.g. In50—In(50 Al
Obtain answer x = 50(1 —exp(—0.0693t)), ore Al
Total: 8
304. 9709 _wl7_MS_31 Q: 6
@Answer Mark
Separate variables d attempt integration of one side B1
or equivalent B1
form klncosx, or equivalent M1
* ncosx , or equivalent Al
L 24

d y =17 in solution containing atany and blncosx to evaluate a M1

constant, or as limits
Obtain correct solution in any form, ¢.g. tan y = 4Insecx +1 Al
Substitute y :%ﬂ' in solution containing terms atany and blncosx, and use correct M1

method to find x

Obtain answer x = 0.587 Al
8
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305. 9709 w17 MS 32 Q: 5
Answer Mark
Separate variables and obtain J'ldy = J' X2 dx Bl
h% x+1
Obtain term Iny B1
Use an appropriate method to integrate (x+2)/(x+1) *M1
Obtain integral x + In(x+1), or equivalent, e.g. In(x +1)+x+1 Al
Use x =1 and y = 2 to evaluate a constant, or as limits DM1
Obtain correct solution in x and y in any forme.g. Iny=x+In(x+1)—1 Al
Obtain answer y =(x +1)e*" e Al
Py 7
306. 9709 ml16 MS 32 Q: 7
Answer Mark
(i) Separate variables and attempt integration of one side M1

Obtain term —e @ Al
Integrate xe* by parts reaching xe* + Ie" d< M1

Obtain integral xe” —e* Al

Evaluate a constant, or use limits x = M1
Obtain correct solution in any for Al
Obtain final answer y =—In(e’, r equivalent Al [7]
(ii) Justify the given sta B1 [1]
307. 9709_s¥agigs_
s
’0‘ Answer Mark
Separate variables attempt integration of at least one side M1*
Obtain term In y Al
Obtain terms Inx —x* Al
Usex =1 and y =2 to evaluate a constant, or as limits DM1*
Obtain correct solution in any form, e.g. ny=Inx—x>+mI2+1 Al
Obtain correct expression for y, free of logarithms, i.e. y =2xexp(l—x*) Al

[6]
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308. 9709 _s16_MS 32 Q:6

Answer Mark
(i) Separate variables correctly and attempt integration of at least one side B1
Obtain term In x B1
Obtain term of the form 4 In(3 + cos28) , or equivalent M1
Obtain term —+In(3 + cos26) , or equivalent Al
Usex=3, 6= %77 to evaluate a constant or as limits in a solution
with terms @ In x and bIn(3 + cos28) ,where ab # 0 Mi
State correct solution in any form, e.g. Inx =—1In(3+cos26)+31n3 Al
: 27
Rearrange in a correct form, e.g. x =, || ———— Al [7]
3+cos26

(ii) State answer x = 3372 , or exact equivalent (accept decimal answer in [2.59,

2.60]) 0 Bl [1]
309. 9709 s16_MS 33 Q:5 (\

Answer Mark
Separate variables and make reasonable attempt at integration o integral M1
Obtain term +e*’ B1
Use Pythagoras M1
Obtain terms tanx —x Al
Evaluate a constant or use x =0, y = 0 as limitsift a so containing terms
ae™” and btanx (ab # 0) M1
Obtain correct solution in any form, e.g. + anx—x++ Al

Setx =17 and use correct method to s uation of the form ¢** =a ore®™ = a, where

M1
Al

a>0
Obtain answer y = 0.179 0
(8]
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310. 9709 _wl16_MS 31 Q:10
Answer Mark
(i) | Separate variables correctly and integrate at least one side M1
Integrate and obtain term /7, or equivalent Al
Carry out a relevant method to obtain 4 and B such that 1 = . + L , or equivalent M1~
x(4-x) x 4-x
Obtain 4=B= 1 , or equivalent Al
4
: 1 1 :
Integrate and obtain terms Zln xX— Zln(4 —Xx), or equivalent A1

EITHER: Use a pair of limits in an expression containing plnx, gln(4 —x) and r¢
and evaluate a constant DM1
Obtain correct answer in any form, e.g. Inx —In(4 — x) =4k —In9,

or ln( a J:4kf78k Al
4—x
Use a second pair of limits and determine & @ DM1
Obtain the given exact answer correctly Al
OR: Use both pairs of limits in a definite integral Mi=
Obtain the given exact answer correctly Al
Substitute k and either pair of limits in an expression contai
plnx, gln(4 —x) and r# and evaluate a constant DM1
Obtain In—— =rln3-n9 or equivalent Al 9]
4-x
(ii) | Substitute x = 3.6 and solve for 1 M1
Al [2]

Obtain answer t = 4 %
311. 9709 _wl6_MS 33 Q:5
0 Answer Mark
;@ Bl [1]

@
(ii) ed'correctly and attempts to integrate one side of equation M1
e form alny and bx’ Al
to evaluate a constant, or as limits, in expression containing
* @ M1
* et solution in any form, e.g. Iny=1x" + In2 Al
142
orrect expression for y, e.g. y= 2et” Al [5]
(iii) Show correct sketch for x > 0. Needs through (0, 2) and rapidly increasing

positive gradient. B1 [1]
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312. 9709 _s15_MS 31 Q: 7

APPENDIX A. ANSWERS

Answer Mark
Separate variables and factorise to obtain B 4x dx or equivalent Bl
Gy+D(y+3)
State or imply the form + and use a relevant method to find 4 or B M1
3y+1 y+3
1
Obtain 4=> and B=— > Al
8 8
Integrate to obtain form & In(3y +1)+ &, In(y +3) Mi
Obitain correct — InBy+1)— L In(y =3)=2x" or equivalent Al
8 8
Substitute x =0 and y =1 in equation of form & In(3y +1)+k,In(y +3) = k,x”* +¢
to find a value of ¢ M1
Obtain ¢ =0 0 Al
Use correct process to obtain equation without natural logarithm present M1
1627
Obtain y = 36—_2 or equivalent Al [9]
3 _ e]ﬁx ‘\
313. 9709 s15 MS 32 Q: 9
Answer Mark
(i) Separate variables correctly and attempt jnfegra f one side Bl
Obtain term In x Bl
Obtain term of the form alIn(k +e™) M1
Obtain term —In(k +¢e™") 0 Al
Evaluate a constant or use li ,1=0in a solution containing terms aln(k +e™)
and blnx M1*
Obtain correct so rm, e.g. Inx—In10=—In(k +e™*) + In(k +1) Al [6]
(i) Substitute x = solve for & M1(dep*)
Obtain the gi Al 2
j: g 2]
PR
(iii) Usi@" given value of £, find the limiting value of x Ml
Justify the gi Al 2]
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314. 9709 _s15_MS_33 Q: 7

703

Answer Mark
(i) Separate variables correctly and integrate one side B1
Obtain term 2y M , or equivalent B1
Obtain term 50k sin(0.02¢) , or equivalent Bl
Evaluate a constant of integration, or use limits M = 100, =0 in a solution with terms of
the form a+v M and bsin(0.02¢) M1*
Obtain correct solution in any form, e.g. 2+/M =50k sin(0.027) + 20 Al
(ii) Use values M =196, =50 and calculate k M1(dep*)
Obtain answer k= 0.190 Al
(iii) State an expression for M in terms of £, e.g. M = (4.75sin(0.02¢) + 10)* M1(dep*)
State that the least possible number of micro-organisms is 28 or 27.5 or 27.6 (27.5625) Al
 /
315. 9709 w15 MS 31 Q:8
Answer Mark
Separate variables and integrate one side B1
Obtain term In(x + 2) B1
Use cos 24 formula to express sin” 26 in the form a M1
Obtain correct form (1 —cos46)/2, or equivale Al
Integrate and obtain term % - % sin4@ , or equ Al
Evaluate a constant, or use #=0,x =0 as li@a solution containing terms
¢lIn(x + 2),d sin(48),ed M1
Obtain correct solution in any fo X+2)= %9 - % sin46 + n2 Al
Use correct method for selvi ion of the form In(x +2)=f M1
Obtain answer x = 0.96 Al [9]
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316. 9709 w15 MS 33 Q: 10

Answer Mark
)] State%=k(N—150) B1 [1]
(ii) Substltuteg =60 and N =900 to find value of & M1
Obtain £=0.08 Al
Separate variables and obtain general solution involving In(N —150) M1*
Obtain In(N —150)=0.08¢ + ¢ (following their k) or In(N —150)=kt + ¢ Al
Substitute =0 and N =650 to find ¢ dep M1*
Obtain In(N —150)=0.08¢ +In500 or equivalent Al
Obtain N =500e"" +150 Al [7]
(iii) Either Substitute 7 =15 to find N or solve for # with N =2000 M1
Obtain  Either N=1810 or #=16.4 and conclude target not met Al [2]
317. 9709 s20 MS_31 Q: 10 °
(@)(@1) Multiply numerator and denominator by @ — 21, or equivalent M1
Use i=-1 at least once Al
3ai Al

Obtain answer ———+———
a+4 a +4

3
(a)(ii) . 1 . B1
Either state that arg u = _Eﬁ or express u * in te; a (FT on u)

Use correct method to form an equation in a M1

Obtain answer a= —2+/3 Al
3
(b)) ts representing 2i and 1 +1i B1
B1
d centre 2 +1 BIFT
t for 2 + i)
| o Bl
4
(b)(ii) | State or imply the critical point 2 + 31 B1
Obtain answer 56.3° or 0.983 radians B1
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318. 9709 _s20 MS 32 Q:8

(a) Substitute and obtain a correct equation in x and v Bl
Use i* =—1 and equate real and imaginary parts M1
Obtain two correct equations in x and y, e.g. x—y=3 and 3x +y=35 Al
Solve and obtain answer z=2 -1 Al
4
(6] Show a point representing 2 + 2i Bl
Show a circle with radius 1 and centre not at the origin B1FT

(FT is on the point representing the centre)
Show the correct half line from 41 B1
Shade the correct region B1
4
(b)(ii) Carry out a complete method for finding the least value of Im z M1
Obtain answer 2— %\E , or exact equivalent Al
2

®
319. 9709 _s20_MS 33 Q: 9
(a) Eliminate # or w and obtain an equation w or « M1
Obtain a quadratic in u or w, e.g. 1> —2iu—6=0 01 w*+2iw—6=0 Al
Solve a 3-term quadratic for # or for w M1
Obtain answer u# =+/5 +i, w=+/5 -1 Al
Obtain answer # =—/5 +i, w=—/5 -1 Al
5
(b) Show the point representing 2 + 2i B1
Show a circle with centre 2 +2i B1FT
(FT is on the position of 2

Show half-line fros o the positive x-axis B1
Show line for Re B1
B1
S 5

320. 9709_w20_MS_31 Q: 2

Answer Mark Partial Marks
Show a circle with centre the origin and radius 2 Bl
Show the point representing 1 —1i Bl
Show a circle with centre 1 — i and radius 1 B1FT | The FT is on the position of 1 —1i.
Shade the appropriate region B1FT | The FT is on the position of 1 —1.
Shaded region outside circle with centre the origin and radius 2
and inside circle with centre +1 + i and radius 1
4
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321. 9709 w20 MS 31 Q: 7

APPENDIX A. ANSWERS

Answer Mark Partial Marks

(@) Substitute —1+ /5 i in the equation and attempt expansions of M1 | All working must be seen.

+ and ¥ Allow M1 ifsmallermrsiulfzﬁi75 or lfﬁifﬁifj

and 4-2./5i+10 or 4-45i+25i+10
Use i2 =—1 correctly at least once M1 |1-5 or 4+10 seen
Complete the verification correctly Al 2(14 _ 2\/5) +(_4 _ 2\/§i)+ 6(—1+ -\El) —18=0
3

(b) State second root —1—+/5i B1

Carry out a complete method for finding a quadratic factor with Mi

zeros —1++/5i and —1—-/5i

Obtain x> +2x + 6 A1l

3 Al | OE
Obtain root x =—
2

Alternative method for question 7(b)

State second root —1—+/5i B1

11— E+1+J5) Qx+a) =20 + 2+ 6x— 18

A-5)A+~5D)a=-18

. 3

6a=-18 a=-3 leading to x=§

(b) Alternative method for question 7(b)

State second root —1 —~/5i

POR=6 SOR=-2 Mi
Obtain x* +2x + 6 Al
Al | OE
Obtain root x = 3
2
Alternative method for question
B1
M1 Al
Al | OE
B1
M1 Al
SOR (—l—\/gi)+(—l+\/§i)+a=—l
2
Al | OE
Obtain root x = 3
2
4
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707

Answer Mark Partial Marks
(a) Multiply numerator and denominator by 1 + i, or equivalent M1 | Must multiply out
Obtain numerator 6 + 8i or denominator 2 Al
Obtain final answer u =3 +4i Al
Alternative method for question 6(a)
Multiply out (1—7)(x+iy)=7+i and compare real and imaginary parts M1
Obtain x+y=Tory—-x=1 Al
Obtain final answer u =3 +4i Al
3
(b) Show the point 4 representing u in a relatively correct position B1FT | The FTisonxy#0.
Show the other two po_ints B and C in relatively correct positions: B1| | 4
approximately equal distance above / below real axis T *
A as a guide to ‘scale’ if axes not
© State or imply arg(1 —i) = —%JI
Substitute exact arguments in arg(7 + i) — arg(l —i) = arg Must see a statement about the relationship between the Args
e.g. Argd = ArgB — ArgC or equivalent exact method
Obtain tan-! (i) = tan! [l)_'_ln comectly Al | Obtain given answer correctly from their u =k (3+4i)
3 7) 4
3

323.9709_ml19_MS_32 Q: 7

Answer

(a)

Mark Partial Marks

M1

M1

Al

minator by 1 — 1, or equivalent

M1

Al

. 5 1.
Obtain second final answer, e.g. 5+ 51

Al

®)

Show the point representing # in relatively correct position

Bl

Show the horizontal line through z =1

Bl

Show correct half-lines from u, one of gradient 1 and the other vertical

Blft

Shade the correct region

B1

"
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324. 9709 s19 MS 31 Q: 10

APPENDIX A. ANSWERS

Answer Mark Partial Marks
) State or imply »=2 Bl | Accept V4
. 1 B1
State or imply 8= g T
Use a correct method for finding the modulus or the argument of #* M1 | Allow correct answers from correct # with minimal working shown
Obtain modulus 16 Al
. 2 Al 2z
Obtain argument gﬂ' Accept 16¢
5
(i) Substitute # and carry out a correct method for finding * M1 (n’ =8 ) Follow their 1* if found in part (i)
Verify u is a root of the given equation Al
State that the other root is v/3 —i B1
Alternative method
State that the other root is /3 —i B1
Form quadratic factor and divide cubic by quadratic M1
Verify that remainder is zero and hence that u is a root of the given
equation
(iii) Show the point representing # in a relatively correct position
Show a circle with centre » and radius 2 FT on the point representing u.
Condone near miss of origin
Show the line y =2 n
shaded y=2
R
. )
Re
Shade the correct region B1
Show that the line and circl, B1 | Condone near miss
5
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325. 9709 _s19 MS 32 Q:5

709

Answer Mark Partial Marks
i i B1
@ State answer —1— \El If —% given as well at this point, still just B1
1
(ii) Substitute = —1+ Jgi in the equation and attempt expansions of M1 | Need to see sufficient working to be convinced that a
N B calculator has not been used.
x” and x
Use i’ = -1 correctly at least once M1 | Allow for relevant use at any point in the solution
Obtain k=2 Al
Carry out a complete method for finding a quadratic factor with M1 | Could use factor theorem from this point. Need to see
zeros —1+ \Ei and —1— \Ei working. M1 for correct testing of correct root or allow M1
for three unsuccessful valid attempts.
Obtain x* +2x +4 Al 1
e Using factor theorem, obtain f 1= 0
. 1 . o Al | Final answer
Obtain root x = _E , or equivalent, via division or
inspection
(ii) Alternative method 1
Carry out a complete method for finding a quadratic factor with M1 Nee‘) 3 working to be convinced that a
zeros —1++/3i and —1—+/3i (multiplying two linear factors or cale ecn used.
using sum and product of roots)
Use i’ =—1 correctly at least once relevant use at any point in the solution
Obtain x* +2x +4 ow M1AO for x* +2x +3
Obtain linear factor kx +1and compare coefficients of x or x* and 1 | Can find the factor by inspection or by long division
solve for k Must get to zero remainder
Obtain k=2 Al
. 1 Al | Final answer
Obtain root x= ——
2
- 1. .
Note: Verification that x = ) is a root is worth no marks
without a clear demonstration of how the root was obtained
(ii) Alternative method 2
Use equation for sum e equation for product M1
of roots of cubic
M1 | Allow for relevant use at any point in the solution
Al
M1
Al
. 1 Al | Final answer
Obtain root y = ——
2
6
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326. 9709 _s19 MS 33 Q:8

APPENDIX A. ANSWERS

Answer Mark Partial Marks
(0] Multiply numerator and denominator by 1+ +/3i , or equivalent M1
4i-4y3 and 3+1 Al
Obtain final answer —+/3 +1 Al
3
(ii) State that the modulus of u is 2 B1
.5 B1
State that the argument of u is g!t (or 150°)
2
(iii) Show a circle with centre the origin and radius 2 B1
Show  in a relatively correct position B1 | FT
Show the perpendicular bisector of the line joining u and the origin Bl | FT
Shade the correct region B1
4
327.9709 w19 MS 31 Q: 10 \
Answer Partial Marks
(a) Square a + ib and equate real and imaginary parts to — 3 and —2/10 respecti *M1
Obtain a® —b* =—3 and 2ab =210 Al
Eliminate one unknown and find an equation in the other DM1
Obtain a* +3a* -10=0, or b* 3% ~10=0, or hori 3t valent Al
Obtain answers i(ﬁ - \Ei), or exact equivalent Al
5
(b) Show point representing 3 + i in relative B1
Show a circle with radius 3 B1
: i . B1
Show correct half ] gin at Z” to the real axis
B1
B1 T
1
L2 ——
haied
' Inf)=2
.
)3 /
3 Re(z)
5
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328.9709 w19 MS 32 Q: 7

711

Answer Mark Partial Marks
(a) Substitute and obtain a correct horizontal equation in x and v in any Bl | zz¥+4iz-2z%=0>
form 417 +iv—y—2x+2iy=0
Allow if still includes brackets and/or i
Use i’ =—1 and equate real and imaginary parts to zero OF *M1 | For their horizontal equation
Obtain two correct equations Al | Allow ix+2iy=0
eg ¥+ —y—2x=0andx+2y=0
Solve for x or for ¥ DM1
Al
Obtain answer g— %i and no other OE, condone %(6 -3i)
5
b)) Show a circle with centre 2i and radius 2 Bl
Show horizontal line y = 3 — in first and second quadrant B1
clearly labelled axes not in the conventional directions,
for a fully ‘correct’ diagram.
(b)(ii) Carry out a complete method for finding the argument. ( =3+ 31-)
(Not by measuring the sketch)
Must show working if using 1.7 in place of \E .
. Al | SC: Allow B2 for 60° with ki
Obtain answer %n (or 60°) ow ot With o working
2

329. 9709 w19 MS 33 Q: 6

Answer Mark Partial Marks

i) B1
Obtain answer

1

(ii) Q i B1

senting v in relatively cotrect position B1

2

(iii) Explain why the moduli are equal B1

Explain why the arguments are equal B1

Use i? =—1 and obtain 2w in the given form M1

Obtain answer 172\/§+(2+J§)i Al

4
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330. 9709 _m18_MS_32 Q: 9

Answer Mark
()@) Substitute x = 1 + 2i in the equation and attempt expansions of x> and x° M1
Use i° =—1 correctly at least once and solve for & M1
Obtain answer k£ = 15 Al
3
(1)(b) State answer 1 —2i B1
Carry out a complete method for finding a quadratic factor with zeros 1 + 2i and M1
1-2i
Obtain x* —2x+5 0 Al
Obtain root —% , or equivalent, via division or inspection Al
4
(i1) Show a circle with centre 1 + 2i B1
Show a circle with radius 1 B1
Carry out a complete method for galc M1
Obtain answer 0.64 Al
4
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331. 9709 _s18 MS 31 Q:7
Answer Mark
(1) Use quadratic formula, or completing the square, or the substitution z =x + iy to M1
find a root, using i* =—1
Obtain a root, e.g. —J6-2i Al
Obtain the other root, e.g. —J6 -2 Al
3
(i1) Represent both roots in relatively correct positions Bift
1
(111) State or imply correct value of a relevant length or angle, e.g. 04, OB, AB, angle B1ft
between OA4 or OB and the real axis
Carry out a complete method for finding angle OAB M1
Obtain A0B = 60° correctly Al
3
(iv) Give a complete justification of the given statement B1
1

332. 9709 _s18 MS 32 Q: 7 @
Answer Mark Partial Marks
1) Substitute in #v, expand the product M1
Obtain answer uv = —11-3 Al
EITHER: Substifute in multiply numerator and M1
denominator by njugate of v, or
equivalent

in numerator —7 + 7\/3_‘1' or denominator 7 Al

PP

7

PN @ answer —1+/3i Al
OR: te in 1/v , equate to x + iy and solve M1 73\'/5 _ \/Exfzy
r x or for y
1=2x+3y
Obtainx=—lory=w/§ Al
Obtain final answer 71+J§ i Al
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Answer Mark Partial Marks
(i) Show the points 4 and B representing u and v in relatively B1
correct positions
Carry out a complete method for finding angle 40B, e.g. M1 -1 2
calculate arg(uA7) L a2 N 5 h
OR: tana—3ﬁ,tanb—\ﬁ = tan(a-b)= 7%
=3
Ifusing 6 = tan™' (_\/5] must refer to arg(%) =0 ZZT”
L)
_ L N2 ) 942 -1
OR: cosf = 7@ TR
== ZT”
. _28+7-49 1 _or
OR'COSB72@ﬁ72Q673
Prove the given statement Al | Given answer so check working carefully
3
333.9709_s18 MS_33 Q: 9
Answer Mark
@) Substitute and obtain a correct equation in x and y 9 B1
Use i* =—1 and equate real and imaginary part M1
Obtain two correct equations inx and y, e Al
3x—y=land3y—x=35 @
Solve and obtain answer z=1+ 2 Al
Total: 4
(b B1
ng in both quadrants B1
B1
ete method for finding the greatest value of arg z M1
S &
& Al
Total: 5

T"i'.’PapaCambridge



PapaCambridge

715

334.9709_ w18 MS 31 Q:8

Answer Mark Partial Marks
(1) EITHER: Multiply numerator and denominator by 1 + 2i, or equivalent, M1
or equate to x + iy, obtain two equations in x and y and solve for x or for y
Obtain quotient 7% + g i, or equivalent Al
Use correct method to find either » or 8 M1
Obtain = 1.61 Al
Obtain 6 =2.09 Al
OR: Find modulus or argument of 2 + 3i or of 1 —2i Bl
Use correct method to find » M1
Obtain 7= 1.61 Al
Use correct method to find 8 M1
Obtain & =2.09 Al
5
(ii) Show a circle with centre 3 — 21 Bl
Show a circle with radius 1 B1ft | Centre not af the origin
Carry out a correct method for finding the least value of |z| M1
Obtain answer 13 — 1 Al
4
335. 9709 w18 MS 32 Q: 9
Answer Mark Partial Marks

(@)®) Multiply numerator and denominator by 1+ 2i, or M1 Requires at least one of 2+10i +12i% and 1-4i together with

- L _
use of i* =—1. Can be implied by =1%:1%

Obtain quotient — 2 + 2i Al
Alternative
Equate to x + iy, obtain two inxand y and solve for x or Ml | x+2y=2 y-2x=6
fory
Obtain quotient — 2 + 2i Al
2
(a)(ii) d either » or M1 | If only finding &, need to be looking for ¢ in the correct
quadrant
Obtain 7 =220t exact equivalent Alft | ft theirx + iy

Alft | ft -1+i)fork>0D t ISW
Obtain = %7; from exact work on k( D for one
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Answer Mark Partial Marks
(b) Show a circle with centre 3i B1
Show a circle with radius 1 B1ft | Follow through their centre provided not at the origin
For clearly unequal scales, should be an ellipse
All correct with even scales and shade the correct region B1
Carry out a correct method for calculating greatest value of arg = M1
Obtain answer 1.91 Al

336. 9709 _m17_MS_32 Q:8

Answer Mark

@ Substitute z=—1+1i and attempt expansions of the z* and M1

Usei® =—1 at least once 9 Mi

Complete the verification correctly Al

Total: 3

(i1) State second root z=—-1-1 % B1

Carry out a complete method a quadratic factor with zeros M1
—l+1and —1-1

Obtain z* +2z+2,0 Al

Attempt y z° + 2z + 2 and reach a partial quotient z* + kz M1

ctor z° —2z+5 Al

. dratic and use i* =1 Mi

"{Q +2iand 1-2i Al

Total: 7
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337.9709 _s17_ MS 31 Q:7
Answer Mark
() State that u — 2w=-7—1 B1
EITHER:
. . u . . M1
Multiply numerator and denominator of — by 3 — 41, or equivalent
w
Simplify the numerator to 25 + 251 or denominator to 25 Al
Obtain final answer 1 +1 Al)
OR:
Obtain two equations in x and y and solve for x or for y (M1
Obtainx=1lory=1 Al
Obtain final answer 1 +1 Al)
Y 3 Total: 4
ii M1
) Find the argument of " *
w
Obtain the given answer Al
Total: 2
(iii) State that OB and C4 are parallel B1
State that C4 =208, or equiv. B1
Total: 2
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338. 9709 _s17 _MS 32 Q:6

Answer Mark

@ EITHER: M1

- . . 2 3
Substitute x =2 —1i (or x=2+1) in the equation and attempt expansions of ¥ and*

Equate real and/or imaginary parts to zero M1
Obtaing =-2 Al
Obtain 5= 10 Al)
OR1: m1

. .. . . 2 3
Substitute x = 2 — 1 in the equation and attempt expansions of ¥ and*

Substitute x=2-+1 in the equation and add/subtract the two equations M1
Obtaina =-2 Al
Obtain 5= 10 Al)
OR2: Y 3 1

Factorise to obtain (x72+i)(x727i)(xfp) (:(

Compare coefficients M1
Obtaina =—-2 Al
Obtain 5= 10 Al)
OR3: 1
Obtain the quadratic factor (x2 a
Use algebraic division to o linear factor of the form x— p and set the remainder M1
equal to zero
Obtaina=—-2 Al
Al)
m1
+p=4inaf+py+ya=-3
PO
sein a¢ffy =—b and/or e+ f+y=—a M1
Obtain a=-2 Al
Obtain =10 Al)
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Answer Mark
ORS5: 1

Factorise as (x— (2-1))(x” + ex + g) and compare coefficients to form an equation in a and b

Equate real and/or imaginary parts to zero M1
Obtaing =-2 Al
Obtain 5= 10 Al)
Total: 4
(ii) Show a circle with centre 2 — iin a relatively correct position B1
Show a circle with radius 1 and centre not at the origin B1
Show the perpendicular bisector of the line segment joining 0 to —1 B1
Shade the correct region Bl
Total: 4
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339. 9709 _s17_MS_33 Q: 11

APPENDIX A. ANSWERS

Answer Mark
(a) Solve for z or for w M1
Use 1i* =-1 M1
Obtain w:; or z:ﬂ Al
2-1 2-1

Multiply numerator and denominator by the conjugate of the denominator M1
Obtain w=—1+2i Al
Obtain z=%+4i Al
e Total: 6
(b) EITHER: (B1

Find +|2+(2-2V3 )i | ‘\
Multiply by 2i (or —21) % Mi1*
Add resultto v DM1
Obtain answer 4+/3 —1+ 6i Al
OR: M1

State —~ = ki ,or equivalr%
v—u

State k=2 Al
z even if 1 omitted M1
Al)
0% Total: 4
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340. 9709 w17 MS 31 Q: 7

Answer Mark
(a) Square x + iy and equate real and imaginary parts to 8 and —15 M1
Obtainx* — y* =8and 2xy=-15 Al
Eliminate one unknown and find a horizontal equation in the other M1
Obtain 4x* —32x* —225=00r4y* +32)* —225=0, or three term equivalent Al
Obtain answers iL (5 —3i) or equivalent Al

NG

5
(b) Show a circle with centre 2 +1 in a relatively correct position z B1
Show a circle with radius 2 and centre not at the origin B1
Show line through i at an angle of 77 to the real axis ‘l? B1
Shade the correct region 9 B1
4

341.9709_wl7_MS 32 Q: 7

Mark
@) State modulus 2 B1
State argume 0% (37 or 300°) B1
2
(i) & (- (\/g)i)3 completely and process i” and 1° o
PO
that the given relation is satisfied Al)
OR: w =2 (cos(—fr) +i Sin(—ﬂ')) or equivalent: follow their answers to (i) M1
Verify that the given relation is satisfied Al)
2
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Answer Mark

(iii) Show a circle with centre 1— (\/5 )i in a relatively correct position Bl

Show a circle with radius 2 passing through the origin B1

Show the line Re z =2 B1

Shade the correct region B1

4

342. 9709 _m16_MS_ 32 Q: 10
Answer Mark
(a) Substitute and obtain a correct equation in x and y 0 B1
Use i* =—1 and equate real and imaginary parts M1
Obtain two correct equations, e.g.x + 2y +1 =0and y +2x=0 Al
Solve for x or for y M1
 /

Obtain answer z = % —% i

\ Al [5]
(b) (i) Show a circle with centre —1+3 1 B1

Show a circle with radius 1 00 B1
B1

Show the lineImz =3
Bl [4]

Shade the correct region
(ii) Carry out a complete method @c the relevant angle M1

Obtain answer 0.588 radian: t 33.7°) Al [2]
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343. 9709 s16_MS_31 Q: 10
Answer Mark
(a) Square x+ 1y and equate real and imaginary parts to 7 and —62 respectively M1
Obtain equations x° —y” =7 and 2xy = —632 Al
Eliminate one variable and find an equation in the other M1
Obtain x* —7x* —18 =0or y* +7y* —18=0, or 3-term equivalent Al
Obtain answers +(3 — i2 ) Al
(5]
(b) (i) Show point representing 1 + 2i B1
Show circle with radius 1 and centre 1 + 2i B1/
Show a half line from the point representing 1 B1
Show line making the correct angle with the real axis B1
[4]
(ii) State or imply the relevance of the perpendicular from 1 + 2i to the line M1
Obtain answer~/2 — 1 (or 0.414) Al
(2]
344. 9709 _s16_MS_32 Q: 10
Answer Mark
(a) EITHER: Use quadratic formula to solve for z M1
Use i* =-1 M1
Obtain a correct answer in any form, simplified as far as(—2+ ix/8)/2i Al
Multiply numerator and denominator by i, orequivalent M1
Obtain final answers+/2 + iand —/2 + i Al
OR: Substitute x + iy and equate real ar@inary parts to zero M1
Use i’ =-1 M1
Obtain —2xy +2x =0and x* — =0, or equivalent Al
Solve for x and y M1
Obtain final answers d =42 +1 Al [5]
(b) (i) EITHER: w the point representing 4 + 3i in relatively correct position B1
A th dicular bisector of the line segment joining this point to the

orfgii BIY  [2]

OR: Obtain correct Cartesian equation of the locus in any form, e.g.

8x+6y=25 B1
Show this line B1Y
[This f't. is dependent on using a correct method to determine the equation. ]

(i) State or imply the relevant point is represented by 2 + 1.5i or is at (2, 1.5) B1
Obtain modulus 2.5 B1
Obtain argument 0.64 (or 36.9°) (allow decimals in [0.64, 0.65] or [36.8,

36.9]) Bl [3]
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345. 9709 _s16_MS 33 Q:9

APPENDIX A. ANSWERS

Answer Mark

(i) EITHER: Multiply numerator and denominator of d by 2 +1i, or equivalent M1
v

Simplify the numerator to —5 +51 or denominator to 5 Al

Obtain final answer —1 + 1 Al

OR: Obtain two equations in x and y and solve for x or for y (M1

Obtainx=-lory=1 Al

Obtain final answer —1 + 1 Al)

[3]

(i) Obtainu+v=1+2i B1

In an Argand diagram show points 4, B, C representing u, v and u + v respectively B1Y

State that OB and AC are parallel B1

State that OB = AC

B1

o ¢

(iii) Carry out an appropriate method for finding angle 40B, e.g. find arg(u M1

Show sufficient working to justify the given answer 37

346. 9709 _wil6_MS 31 Q: 9

Al

i\ (2]

Mark
(a) | EITHER: Use quadratic formula to solve for w. M1
Use i’ =-1 M1
Obtain one of the answer: ,l and w=—— Al
2i+1 2i+1
Multiply numerat nominator of an answer by —2i + 1, or equivalent M1
Obtain final 2i and -1 +2i Al
ORI1: M1
M1
4w(1-2i)—(1-2i)" =0 , or equivalent Al
. tic formula or factorise to solve for w M1
PN 4 al answers %f%i and -1 + 21 Al
S
*
OR2: stitute w = x + iy and form equations for real and imaginary parts M1
Use i’ =-1 M1
Obtain (;f ~»')~4xy +4x-1=0 and :z(x2 7y2)+2xy+4y+2:0 oe. Al
Form equation in x only or y only and solve M1
Obtain final answers - —21 and -1 +2i Al [5]
(b) | Show a circle with centre 1 +1 B1
Show a circle with radius 2 B1
Show half-line arg z =4 7 Bl
Show half-line arg z =—+ 7 B1
Shade the correct region B1 [5]
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347. 9709 w16 MS 33 Q: 7
Answer Mark
(i) State modulus 2+/2 , or equivalent B1
State argument —$7 (or —60°) B1 [2]
(i) (a) | State answer 32 +/6 i B1
(b) | EITHER: Substitute for z and multiply numerator and denominator by
conjugate of' iz M1
Simplify the numerator to 4\3+4 1 or the denominator to 8 Al
Obtain final answer %\/g + %i Al
OR: Substitute for z, obtain two equations in x and y and solve for x or
for y M1
Obtain x=4+/3 or y=1 Al
Obtain final answer %\E +1i @1 [4]
(iii) Show points 4 and B in relatively correct positions B1
Carry out a complete method for finding angle AOB, e.g. calculate
argument of Z— L/ M1
iz
Obtain the given answer \ Al [3]
348. 9709 s15 MS 31 Q:8
Answer Mark
(i) Either Expand (2—1i)? to obtain 3 - 4ifor un ified equivalent Bl
Multiply by ﬁ and simpli iy form or equivalent M1
1
Confirm given answer 244di Al
Or Expand (2—1) to obt4 i or unsimplified equivalent Bl
Obtain two equati nd y and solve for x or y M1
Confirm giv +4i Al [3]
(i) Identify 4+4 o point at either end or state p =2 orstate p = -6 Bl
Use appropri find both critical values of p M1
Staterdp < Al [3]
*
*
(iii) Identify equati form |z = a| = a or equivalent M1
Form correct equation for a not involving modulus, e.g. (a—2)* +4* = a* Al
State |z—5|=5 Al 3]
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349. 9709 _s15 MS 32 Q: 7

APPENDIX A. ANSWERS

Answer Mark
(i) Square x + iy and equate real and imaginary parts to —1 and 43 Ml
Obtainx? — y> = —land 2xy = 443 Al
Eliminate one unknown and find an equation in the other Ml
Obtain x* +x* -=12=0 or y* - y* ~12=0, or three term equivalent Al
Obtain answers + (\E +21) Al 5]
[If the equations are solved by inspection, give B2 for the answers and B1 for justifying them]
(ii) Show a circle with centre —1+ 4f3ina relatively correct position B1
Show a circle with radius 1 and centre not at the origin B1
Carry out a complete method for calculating the greatest value of arg z Ml
Obtain answer 1.86 or 106.4° Al [4]
350. 9709 _s15 MS 33 Q: 8 .
Answer Mark
(i) EITHER: Substitute for # in L and multiply numeratm@ inator by 1+ 1 M1
u
: [ ;
Obtain final answer — 2 + 51 , O equiv Al
OR: Substitute for u, obtain two equatio d y and solve for x or for y Ml
Obtain final answer — % + %‘ or ei lent Al 2
(ii) Show a point representing u in a rela orrect position B1
Show the bisector of the line se ing u to the origin Bl
Show a circle with centre at epresenting i Bl
Show a circle with radi Bl 4
(iii) State argument quivalent, e.g. 270° Bl
State or i ction in the first quadrant represents 2 + i Bl
Statédrgu 0.4636)or equivalent, e.g. 26.6° (26.5625) Bl 3
L :‘

*
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351. 9709 wl5 MS 31 Q: 9
Answer Mark
(i) Show u in a relatively correct position B1
Show u* in a relatively correct position B1
Show u* — u in a relatively correct position B1
State or imply that O4BC is a parallelogram Bl [4]
(i) EITHER: Substitute for # and multiply numerator and denominator by 3 + 1, or equivalent M1
Simplify the numerator to 8 + 6i or the denominator to 10 Al
Obtain final answer% + % i, or equivalent Al
OR: Substitute for u, obtain two equations in x and y and solve for x or for y M1
Obtain x = % or y= % , or equivalent Al
Obtain final answer% + % i, or equivalent Al [3]
(iii) State or imply arg(u*/ u) = tan_l(%) B1
Substitute exact arguments in arg(u* /u)=arg u* - argu M1
Fully justify the given statement using exact values Al [3]
352. 9709 w15 MS_33 Q: 9
Answer Mark
(a) Either Find w using conjugate of 1+ 3i M1
Obtain 7oi or equivalent Al
Square x +1y form to find ? M1
Obtain w? = 482‘514‘ rm modulus is 2 Al
Use correct proges$ fof findihg argument of w” M1
Obtain —0288 radiansér —16.3° Al
Or1 Find w/using conjugate of 1+ 3i M1
.o il or equivalent Al
¢
q,@Find of w and hence of w’ M1
Co modulus is 2 Al
Find argument of w and hence of w? M1
Obtain —0.284 radians or —16.3° Al
Or2 Square both sides to obtain (~8 + 6i)w* = —12 +16i B1
Find w” using relevant conjugate M1
Use correct process for finding modulus of w? M1
Confirm modulus is 2 Al
Use correct process for finding argument of w’ M1
Obtain —0.284 radians or —16.3° Al
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Answer Mark

Or3 Find modulus of LHS and RHS M1

Find argument of LHS and RHS M1

Obtain /10 ¢"** w=1+/20 ¢"'7" or equivalent Al

Obtain w=+~2 ¢ **% or equivalent Al

Use correct process for finding w’ M1

Obtain 2 and —0.284 radians or —16.3° Al

Or4 Find moduli of 2+4i and 1+3i M1

Obtain \/E and \/E Al

Obtain ‘wz‘ =2 correctly Al

Find arg(2 + 4i) and arg(l + 3i) M1

Use correct process for arg(w?) Al

Obtain —0.284 radians or —16.3° Al

Or5 Let w=a+ib, form and solve simultaneous equations in ¢ and b 0 M1
a= 7 and b= L
5 5

Find modulus of w and hence of w”
Confirm modulus is 2

Find argument of w and hence of w*
Obtain —0.284 radians or —16.3°

*o( m

‘\b M1

Al

Oré Find w using conjugate of 1+ 3i M1
Obtain % or equivalent @ Al
Use [w”| = wiv M1
Confirm modulus is 2 0 Al
> of w? M1
16.3° Al [6]
(b) Draw circle with rigin and radius 5 B1
Draw straight li 0 imaginary axis in correct position B1
Use 0re eva on a correct diagram to find argument(s) M1
Obta ents in required form Al [4]
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